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Abstract. We define local Hardy spaces of differential forms h^{AT*M) for all 
p e [1 , oo] that are adapted to a class of first order differential operators 2? on a 
complete Riemannian manifold M with at most exponential volume growth. In 
particular, if D is the Hodge-Dirac operator on M and A — is the Hodge- 
■ Laplacian, then the local geometric Riesz transform D{A + al)^^^'^ has a bounded 

extension to for all p G [1, oo], provided that a > is large enough compared to 
the exponential growth of M. A characterisation of in terms of local molecules 
is also obtained. These results can be viewed as the localisation of those for the 
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Hardy spaces of differential forms H^{/\T*M) introduced by Auscher, Mcintosh 
' and Russ. 
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. 5r , 1. Introduction and Main Results 

The local Hardy space /i^(R") introduced by Goldberg in [26] is an intermedi- 
ate space ifi(M") C h\R") C /.^(R"). The Hardy space H\R'^) is suited to 
quasi-homogenous multipliers, and indeed the boundedness of the Riesz transforms 
{Rju)''{^) = iC,j\^\~^u{0 is built into its definition. The local Hardy space /;,^(]R"), 
however, is suited to smooth quasi-homogenous multipliers, and the boundedness of 
local Riesz transforms, such as {rju)X^) = + a)~^^'^u{^) for a > 0, is built 

into its definition. 
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Let M denote a complete Riemannian manifold with geodesic distance p and Rie- 
mannian measure p. We adopt the convention that such a manifold M is smooth 
and connected. Let LF'{/\T*M) denote the Hilbert space of square-integrable differ- 
ential forms on M. Let d and d* denote the exterior derivative and its adjoint on 
L'^{AT*M). The Hodge-Dirac operator is D = d + d* and the Hodge-Laplacian is 
A = D^. The geometric Riesz transform DA~^^'^ is bounded on L^(AT*M), which 
led Auscher, Mcintosh and Russ in [7] to construct Hardy spaces of differential forms 
H^{AT* M) , or simply H^, for all p G [1, oo]. Amongst other things, they show that 
the geometric Riesz transform is bounded on and that has a molecular 
characterisation. 

The atomic characterisation of if^(R"), due to Coifman [20] and Latter [33], was 
used by Coifman and Weiss in [22] to define a Hardy space of functions on a space 
of homogeneous type. A requirement in the definition of Hardy space atoms a is 
that they satisfy the moment condition j a = 0. The approach taken in ^ is 
instead based on the connection between the tent spaces T^(]R"^^) and Hp{W^). 
This connection was first recognised by Coifman, Meyer and Stein who showed 
in Section 9B of [I9] that H^{W^) is isomorphic to a complemented subspace of 
jipj^j^n+i^ for all p e [l,oo]. More precisely, there exist two bounded operators 
P : HP{W) TP{M.l+^) and tt : Tp(M![+^) ^ Hp{W) such that Pit is a projection 
and HP{R'') is isomorphic to P7t{Tp{RI^^)). 

The definition of the tent space T^(R"'''^) and its atoms, which are not required to 
satisfy a moment condition, admit natural generalisations to differential forms. Also, 
both P and vr are convolution-type operators, which can be interpreted in terms of 
the functional calculus of —id/dx. The idea in [7j was to define in terms of the 
tent space of differential forms Tp{AT*M x (0, oo)) and operators Q and S, which 
are adapted to D in the same way that P and tt are adapted to —id/dx. The main 
requirement for the construction was that operators such as the projection QS be 
bounded on Tp{AT*M x (0, oo)). The authors of [7J prove this by using off-diagonal 
estimates for the resolvents of D to establish uniform bounds on tent space atoms. 

In this paper, we adapt the definition of to define local Hardy spaces of 
differential forms h^^{AT*M), or simply /i^, for all p G [l,C)o]. We first consider 
a general locally doubling metric measure space X, and define a local tent space 
tP{X X (0,1]) and a new function space L^(X), both of which have an atomic 
characterisation for p = 1 and admit a natural generalisation to differential forms. 
One can show classically that /i^(]R") is isomorphic to a complemented subspace of 
tP{M.^ X (0,1]) © L^(]R"). Whilst square function characterisations for /i^'(R") are 
certainly known, this characterisation appears to be new. 

The atomic characterisation of /i^(]R"), due to Goldberg [26], consists of two types 
of atoms. The first kind are supported on balls of radius less than one and satisfy a 
moment condition, whilst the second kind are supported on balls with radius larger 
than one and are not required to satisfy a moment condition. In our new character- 
isation, we can associate the first kind of atoms with elements of t^(R" x (0, 1]) and 
the second kind with elements of L^(R"). 

The definition of in [7] is limited to Riemannian manifolds that are doubling, 
which we define below using the following notation. Given x E M and r > 0, let 
B{x,r) denote the open geodesic ball in M with centre x and radius r, and let 
V{x,r) denote the Riemannian measure fi{B{x,r)). 
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Definition 1.1. A complete Riemannian manifold M is doubling if there exists 
A > 1 such that 

(D) < V{x, 2r) < AV{x, r) < oo 

for all X G X and r > 0. 

The doubling condition is equivalent to the requirement that there exist A > 1 
and K > such that 

< V{x,ar) < Aa''V{x,r) < oo 

for all X G X, r > and a > 1. This condition is imposed to define because 
the Hardy space norm incorporates global geometry. The nature of the local Hardy 
space, however, allows us to define /i^ on manifolds that are only locally doubling. 
Specifically, we define /i^ on the following class of manifolds. 

Definition 1.2. A complete Riemannian manifold M is exponentially locally dou- 
bling if there exist A> 1 and k, A > such that 

(E«,a) < V{x, ar) < Aa''e^^'^-^^'V{x, r) < oo 

for all a > 1, r > and x G M. The constants n and A are referred to as the 
polynomial and exponential growth parameters, respectively. 

The class of doubling Riemannian manifolds includes with the Euclidean dis- 
tance and the standard Lebesgue measure, as well as Lie groups with polynomial 
volume growth; other examples are listed in [7]. The class of exponentially locally 
doubling Riemannian manifolds is larger and includes hyperbolic space (see Section 
3.H.3 of |25]), Lie groups with exponential volume growth (see Section II. 4 of [23]) 
and thus all Lie groups. More generally, by Gromov's variant of the Bishop compar- 
ison theorem (see [121127]), all Riemannian manifolds with Ricci curvature bounded 
from below are exponentially locally doubling. This includes Riemannian manifolds 
with bounded geometry, noncompact symmetric spaces and Damek-Ricci spaces. 

Taylor recently defined local Hardy spaces of functions on Riemannian manifolds 
with bounded geometry in ^U]. Hardy spaces of functions have also been defined 
on some nondoubling metric measure spaces in [131 [I5j ; extensions of that work are 
also in [TH ESI ES]- The theory developed in those papers applies to M" with the 
Euclidean distance and the Gaussian measure, as well as to Riemannian manifolds on 
which the Ricci curvature is bounded from below and the Laplace-Beltrami operator 
has a spectral gap. 

The Hardy spaces in [7] are defined using the holomorphic functional cal- 
culus of D in L^(AT*M). In particular, the authors consider the class H°°{Sg) 
of functions that are bounded and holomorphic on the open bisector Sg of angle 
6 G (0,7r/2) centered at the origin in the complex plane. This is because the func- 
tion sgn(Re(z)) = z/\/z^ maps D to the geometric Riesz transform DA"^/^ under 
the H°°{Sq) functional calculus. The local Hardy spaces, however, are suited to the 
local geometric Riesz transforms D(A + a/)^^/^ for a > 0, so we consider the smaller 
class H°°{Sg J.) of functions that are bounded and holomorphic on Sg U D°, where 
D" is the open disc of radius r > centered at the origin in the complex plane. 

The space h]^ has a characterisation in terms of local molecules, which are defined 
in Section 17.11 This is the first main result of the paper. 

Theorem 1.3. Let k, A > and suppose that M is a complete Riemannian manifold 
satisfying ( |E^,aP - If N eN, N > k/2 and q > X, then h\) = /i^_^oi(Af,g) ■ 
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The following is the principal result of the paper. 

Theorem 1.4. Let k, X > and suppose that M is a complete Riemannian manifold 
satisfying (E^^a)- Let 6 G (0,7r/2) and r > such that rsin6' > A/2. Then for all 



f e H°°{Sq^^), the operator f{D) on has a hounded extension to such that 

\\fiD)u\\,.^<\\f\U\u\\h'', 
for all u E h^j^ and p E [1, oo]. 

There is then the following corollary for the local geometric Riesz transforms. 

Corollary 1.5. Let k, A > and suppose that M is a complete Riemannian man- 
ifold satisfying (E^^a)- If a > A^/4, then the local geometric Riesz transform 



D(A + al) has a bounded extension to /i^ for all p E \l,oo\. 

The theory in this paper actually applies to a large class of first order differential 
operators, which we introduce in Section These operators are denoted by V. 
Theorems ll.3l and ll.4l follow from the more general results in Theorems 17. 141 and 17.191 
by setting V = D, where D will always denote the Hodge-Dirac operator. The case 
of the Hodge-Dirac operator is considered in Example 15. 2[ 

Taylor proved in [H] that on a Riemannian manifold with bounded geometry, 
where Aq denotes the Hodge-Laplacian on functions, a sufficient condition for the 
operator f{^/A^) to be bounded on for all p G (1, oo) is that / be holomorphic 
and satisfy inhomogeneous Mihlin boundary conditions on an open strip of width 
W > A/2 in the complex plane, where A > is such that (E^^a) holds. This result 



was improved by Mauceri, Meda and Vallarino in [34], and then by Taylor in |45]. 
The need for / to be holomorphic on a strip was originally noted by Clerc and Stein 
in the setting of noncompact symmetric spaces in [18] , and that work was extended 
by others in p[T6lliT]. 

In this paper, we do not assume bounded geometry. Theorem 11.41 represents the 
beginning of the development of an approach to the theory discussed above based 
on first order operators. The connection between and is investigated in the 
sequel, although note that is defined so that it can be identified with L^. Also, 
Taylor's result suggests that the bound rsin^ > A/2 in Theorem 11.41 may be the 
best possible, since r sin6' is the width of the largest open strip contained in 5*^^. 

For all X, y G M, we adopt the convention whereby x < ?/ means that there exists 
a constant c > 1, which may only depend on constants specified in the relevant 
preceding hypotheses, such that x < cy. To emphasize that the constant c depends 
on a specific parameter p, we write x <p y. Also, we write x ^ y to mean that 
^ ^ y ^ ^- For all normed spaces X and Y, we write X C y to mean both the 
set theoretical inclusion and the topological inclusion, whereby ||a;||y < for all 

X E X. Also, we write X = Y to mean that X and Y are equal as sets and that 
they have equivalent norms. 

The structure of the paper is as follows: In Section 2 we develop local analogues of 
some basic tools from harmonic analysis in the context of a locally doubling metric 
measure space X. The local tent spaces t^{X x (0, 1]) and the new spaces L^(X) 
are introduced and shown to have atomic characterisations for p = 1 in Sections 
[3] and HI respectively. We also obtain duality and interpolation results for these 
spaces. Next, we introduce a general class of first order differential operators, which 
includes the Hodge-Dirac operator. We denote these operators by V and prove 
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exponential off-diagonal estimates for their resolvents in Section These are used 
to prove the main technical estimate in Section [Ul which allows us to define the local 
Hardy spaces of differential forms h^{AT*M) in Section [71 We also obtain duality 
and interpolation results for the local Hardy spaces. Finally, Theorems 11.31 and 11.41 
follow from Theorems 17.141 and 17.191 in the case of the Hodge-Dirac operator. 

2. Localisation 

The subsequent two sections do not require a differentiable structure. To distin- 
guish these results, it is convenient to let X denote a metric measure space with 
metric p and Borel measure /i. 

Notation. A ball in X will always refer to an open metric ball. Given x G X and 
r > 0, let B{x,r) denote the ball in X with centre x and radius r, and let V{x,r) 
denote the measure fi{B{x,r)). Given a,r > and a ball B of radius r, let aB 
denote the ball with the same centre as B and radius ar. 

The results here and in the next section hold if we assume the following local 
doubling condition. 

Definition 2.1. A metric measure space X is locally doubling if for each r > 0, the 
function x (-)■ V{x, r) is continuous on X, and if for each b > 0, there exists Ab> 1 
such that 

(Dioc) < V{x, 2r) < AbV{x, r) < oo 

for all X & X and r G (0, b]. 

Remark 2.2. The continuity of x i— V{x,r) is assured on a complete Riemannian 
manifold and in most applications, but in general only lower semicontinuity is guar- 
anteed. We require this condition because it implies that the volumes of open balls 
and closed balls are identical (see also Remark I3.2p . 



If supf^Ah < oo, then ( [DiocD is equivalent to ([D]) in Definition 11.11 In fact, the 



doubling condition was introduced by Coifman and Weiss in [2T] to define a space of 
homogeneous type. The results here are a localised version of that work. We begin 
by proving the following useful consequence of local doubling. 

Proposition 2.3. If X is locally doubling, then for each 6 > there exists k;, > 
such that 

V{x,ar) < Aba''''V{x,r) 
for all X G X, r G (0, b] and a G [1, 2b/r]. 

Proof. Let N = [loggO;], which is the smallest integer not less than log2a;, so that 
2^"^ < a < 2^ and B{x,-^r) C B{x,r). Application of the dDiocD inequality 
N times reveals that 

V{x, ar) < A^V{x, ^r) < A^a^'Vix, r), 

where Hb = log2 Ab. □ 

We introduce the local property of homogeneity, which is the local analog of the 
property of homogeneity from [2Tj, and show that it holds on a locally doubling 
space. This property allows us to apply harmonic analysis locally on X. 
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Definition 2.4. A metric space {X,p) has the local property of homogeneity if for 
each b > there exists Nf, E N such that for all x E X and r G (0, b], the ball B{x, r) 
contains at most A^^ points (xj)j=i^...^jVj^ satisfying p{xj,Xk) > r/2 for all j ^ k. 

Remark 2.5. The local property of homogeneity is equivalent to the requirement 
that if 6 > 0, then for all x G X, r G (0, b] and n G N, the ball B{x, r) contains at 
most NJ^ points {xj)j=i^,„^N" satisfying p{xj,Xk) > r/2" for j ^ k. The proof of this 
is similar to that of Lemma 1.1 in Chapter III of [21]. This property is more suited 
to applications. It can be used, for instance, to prove the next proposition. 

Proposition 2.6. If X is a locally doubling metric measure space, then it has the 
local property of homogeneity. 

Proof. This follows the proof of the Remark on page 67 in Chapter III of [21j. □ 

Following the scheme of [2T], we use the local property of homogeneity to prove 
local covering lemmas. The next two proofs are adapted from pLj, which treats the 
global case. 

Proposition 2.7. (Vitali- Wiener type covering lemma.) Let X be a metric space 
with the local property of homogeneity. Let ^ be a collection of balls in X. If there 
is a finite upper bound on the radii of the balls in then there exists a sequence 
{Bj)j of pairwise disjoint balls in ^ with the property that each B E ^ is contained 
in some 45^ . 

Proof Fix i? > such that the radii r{B) < R for all B e ^. Let 5 G (0, 1) to be 
fixed later, and for each /c G N define 

^k = {B (^^\5''R< r{B) < 6''~^R}. 

Proceeding recursively for k = 1,2,..., choose a maximal subset of pairwise 
disjoint balls in according to the following requirements: 

(1) C 

(2) If B, B' G Uj^^i and B ^ B' , then B n B' = dS; 

(3) li B e ^k\-^k, then there exists B' G Uj=i -^j such that 5 n 5' ^ 0. 
To show that each j3§k is countable, choose Bq G ^k and write 

= UneniB e^k\BC nBo}. 

For each n eN, the centres of all of the balls in {i? G I B C uBq} are separated 
by at least a distance of 6'^R and contained in a ball of radius nR, so countability 
follows by the local property of homogeneity. Therefore, the collection ^ = IJ^ ^k 
is a sequence {Bj)j of pairwise disjoint balls in 

To complete the proof, let B E ^\^. For some A; G N, we have B G J3§k\^k and 
there exists B' G IJj=i such that B r\ B' ^ ^. In particular, we have B' G ^k' 
for some A;' < A;, so if x' denotes the centre of B' , then 

p{y, x) < 2r{B) + r{B') < 25'''-^ R + r{B') < {2/5 + l)r(S') 

for aX\ y E B. If we set 5 = 2/3, then B C 41?' and the proof is complete. □ 

Proposition 2.8. (Whitney type covering lemma.) Let X be a metric space with 
the local property of homogeneity. Let O be a nonempty proper open subset of X 
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and let '^O = X \ . For each /i > 0, there exists a sequence of pairwise disjoint 
balls {Bj)j with centre Xj G X and radius 

Tj = |min(p(a;j/0),/i) 

such that, if Bj = 4:Bj, then O = [Jj Bj and the following bounded intersection 
property is satisfied: 

sup tl({A; I Bj nBkT^ 0}) < oo. 
j 

Furthermore, there exists a sequence {4>j)j of nonnegative functions supported in Bj 
such that mfxeBj4>j{x) > and J2j 4>j = ^o, where Iq denotes the characteristic 
function of O. 

Proof. Let J3§ denote the collection of all balls with centre x G O and radius r = 
^mm{p{x,'^0), h). Proposition 12.71 gives a sequence {Bj)j = {B{xj,rj))j of pairwise 
disjoint balls from ^ such that O C [J^Bj, and since Avj < p{xj,'^0), we actually 
have O = [JjBj. 

We note some facts to help prove that {Bj)j has the bounded intersection property. 
First, if X G Bj, then 

(2.1) p{x, ^O) > p{xj, ^O) - p{xj, x) > 8rj - Avj = 4rj. 
Second, given c > 0, if a; G Bj and p{xj,'^0) < cvj, then 

(2.2) p(x, 'O) < p{x, Xj) + p{xj, "O) < (4 + c)r,. 
Now suppose that Bj fl 5^ 7^ 0. This implies that 

(2.3) p{xj, Xk) < 4:{rj + Tk) < h. 
Consider two cases: (1) If p{xj,^0) > 2h, then by (12. 3p we have 

p{xk,''0) > p{xj,''0) - p{xj,Xk) > h, 

sork = h/8 = Tj and Bk C 95^-; (2) If p{xj, "O) < 2h, then by (Q we have 

p{xk,''0) < p{xk,Xj) + p{xj,''0) < 3h, 

which implies that p{xk,'^0) < 2Ark, since either p{xk,'^0) = Sr^ or h = Svk- In this 
case, if X G Bj fl Bk, then by (12.11) and (12. 2p with c = 24 we obtain 

4rj < p{x, 'O) < 28rj and Ark < p{x, "O) < 28rk, 

so (l/7)rj <rk< 7rj and Bk C 395^-. 

The above shows that for each j G N, the centres of all balls Bk satisfying BjCiBk 7^ 
are separated by at least a distance of (l/7)rj and contained in a ball of radius 
39rj < 5h. The bounded intersection property then follows from the local property 
of homogeneity. 

To construct the sequence of functions {4>j)j, let rj be the function equal to 1 on 
[0,1) and on [1, 00). For each j G N, define 

f p{x,Xj) \ 
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for all X G X. These are nonnegative functions supported in Bj. We also have 
1 < J^ji^ji^) < ^ X E O, since O = [JjBj and the bounded intersection 

property is satisfied. The required functions are then defined for each j G N by 



(j)j{x) 



'^jix)/Y.k^k{x), if X G O; 
0, if a; G ^O. 



□ 



We now prove a general version of the fundamental theorem for the (centered) 
local maximal operator Ai\oc defined for all measurable functions / on X by 

Miocfix) = sup / / \f{y)\ dfi{y) 

re(0,l] ^ l^;, r) J B(x,r) 

for all X G X. 

Proposition 2.9. Let X be a locally doubling metric measure space. If / is a mea- 
surable function on X, then A^ioc/ is lower semicontinuous, and thus measurable, 
and the following hold: 

(1) If a > 0, then /i ({x G X | Miocfix) > a}) < \\f\\i/a for all / G L^X); 

(2) If 1< p < oo, then ||A^ioc/||p <p \\f\\p for all / G Lp{X). 

Proof. The lower semicontinuity of Alloc/ is guaranteed by Fatou's Lemma and the 
continuity of the mapping x i— )• V{x,r) from Definition 12. 1[ 

To prove (1), let / G L^{X) and set Ea = {x E X \ J^iocf{x) > a} for each 
a > 0. If X G Ea, then there exists G (0, 1] such that 

\f{y)\ dfi{y) > a. 



V{x,rx 



By Proposition 12.71 the collection ^ = {B{x,rx))xeEc contains a subsequence {Bj)j 
of pairwise disjoint balls such that, if Bj = ABj, then {Bj)j cover E^- Therefore, by 



dPiocD we have 

/ \fiy)\dM>Y,[ \fiy)\dM>aJ2KBj)>afiiE^). 

The proof of (2) is then standard (see, for instance. Section I.L5 of [42j). □ 

We conclude this section by proving that a locally doubling space is exponentially 
locally doubling, as in Definition 11.21 if and only if it satisfies a certain additional 
condition on volume growth. Whilst we do not make explicit use of this equivalence, 
it shows why [Ei^x) is often a more useful assumption than (jDj^. In particular, it 



allows us to obtain the atomic characterisation of the space L^(X) in Section |H 

Proposition 2.10. Let X be a locally doubling metric measure space. Then X is 
exponentially locally doubling if and only if there exist Aq > 1 and bo, 6 > such 
that 

(Dgio) V{x,r + 6)<AoV{x,r) 

for all r > bo and x G X. 
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Proof. If X satisfies (E^^a), then for any Bq > and 5 > 0, we have 

V{x, r + 6) = V{x, (1 + 6/r)r) < A{1 + 5/6o)"e^V(x, r) 
for all r > bn and x E X. 



To prove the converse, suppose X satisfies (Dgio) and let a > 1. Consider three 
cases: 



If r > bo, choose G N so that ar — N6 G (r, r + 5]. Application of the (Dgio) 
inequality + 1 times reveals that 

(2.4) V{x, ar) < A^+^V{x, r) < Aoe^'^^-^^'Vix, r), 

where A = (\ogAo)/6; 

If r G (0, 6o] and a G {l,2bo/r], then Proposition 12.31 implies that 

(2.5) V{x,ar) < Afe,a''''o\/(x, r); 
If r G (0, 6o] and a > 2bo/r, then we obtain 

V{x,ar) = V{x, {ar/2bo)2bo) 

< Aoe^("'"/2''°-^)2^«F(x,26o) 

< Aoe^^"~^>-V{x, (26o/r)r) 

< AoAfe„a^''oe^("-i)'-F(x,r), 

where we used (12.41) to obtain the first inequality and (12.51) to obtain the final 
inequality. 

These show that X satisfies (E^^a) with k, = and A = (logylo)/^. □ 



3. Local Tent Spaces fP^X x (0, 1]) 

We introduce the local tent spaces t^i^X x (0, 1]), or simply t^, for all p G [1, oo] in 
the context of a locally doubling metric measure space X. Note that functions on 
X X (0, 1] are assumed to be complex- valued. There is also the following notation. 

Notation. The cone of aperture a > and height 1 with vertex at x G X is 

Tl{x) = {(y, t) G X X (0, 1] I p(x, y) < at}. 

Let r^(x) = rj(x). For any closed set F C X and any open set OCX, define 

Rl{F) = U rlix) and T„i(0) = (X x (0, 1]) \ RH^O), 

where '^O = X \ 0. Let T^{0) = Tl{0) and call it the truncated tent over O. Note 
that 

Tl{0) = {{y,t) G X X (0, 1] I p(y,^0) > at}. 

For any ball i? in X of radius r{B) > 0, the truncated Carleson box over B is 

C^{B) = 5 X (0, min{r(5), 1}]. 

Finally, if E' is a measurable subset of X x (0, 1], then 1e denotes the characteristic 
function of on X x (0, 1]. 
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The local Lusin operator ^loc and its dual Cioc are defined for any measurable 
function / on X x (0, 1] as follows: 

-4./(.)^(//.J/(..),^^f ■ 

C,,J{x) = sup / / \f{y,t)\' dM^^ ' 

for all X G X, where ^2(2;) denotes the set of all balls 5 in X of radius r{B) < 2 
such that X E B. We now define the local tent spaces. 

Definition 3.1. Let X be a locally doubling metric measure space. For each p G 
[1,00), the local tent space t^^X x (0, 1]) consists of all measurable functions / on 
X X (0, 1] with 

WfWtp = Mioc/llp < 00. 

The local tent space t°°{X x (0, 1]) consists of all measurable functions / on X x (0, 1] 
with 

° = ||Cloc/||oo < 00. 



Remark 3.2. Recall that in Definition 12. II we required the continuity of the mapping 
X I—)- V{x,r) for each r > 0. This implies that the volumes of open balls and closed 
balls are identical, which ensures that Aiocf and Ciocf are lower semicontinuous and 
thus measurable. 

The local tent spaces are Banach spaces under the usual identification of functions 
that are equal almost everywhere. This follows as in the global case in [TH|. In 
particular, completeness holds by dominated convergence upon noting that for each 
compact set K C X X (0, 1] and each p G [1, 00], we have 

(3.1) wiKfWtp <K,p [Jljf(y^^)\' My)dty <K,p ll/llt. 

for all measurable functions / on X x (0, 1]. 

Let Ll{X X (0, 1]), or simply Ll, denote the Hilbert space of all measurable func- 
tions / on X X (0, 1] with 



L2 = (// |/(z/,t)pdMl/)yy <oo. 



We have t^ = L l, sin ce if {y,t) G T^{x), then t < 1, B{y,t) C B{x,2t) and B{x,t) C 
B{y,2t), so by ( |DiocD we obtain 



III ir.(.)(y,^) \fiy^t)\' ^T^Mx) = ll/lli, 




2 . 



These observations lead us to the following density result, which is crucial to the 
extension procedure in Section [6l 

Proposition 3.3. Let X be a locally doubling metric measure space. For all p G 
[1, 00) and q G [1, 00], the set t^ fl is dense in t^. 
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Proof. Let f E and p G [1, oo). Fix a ball i? in X and define 

fk = lfcBx[l/fc,l]/ 

for each G N. The functions fk belong to fl for all g G [1, oo] by fl3.ip . and 
limfc_>.oo 11/ — /fclltp = by dominated convergence. □ 

We characterise in terms of the following atoms. 

Definition 3.4. Let X be a locally doubling metric measure space. A t^-atom is a 
measurable function a on X x (0, 1] supported in the truncated tent T^{B) over a 
ball in X of radius r{B) < 2 with 

If a is a t^-atom corresponding to a ball B as above, then the Cauchy-Schwarz 
inequality implies that a G fl with ||a||f2 < \\a\\i2 < and 

(3.2) ||a||ii </i(5)5||a||i2 < L 

Remark 3.5. If (Aj)j is a sequence in (i^ and {aj)j is a sequence of t^-atoms, then 
(13. 2p implies that Ylij converges in with || Ajaj||ti < ||(Aj)j||^i. Note that 
this did not require the condition r{B) < 2 in Definition 13.41 

The atomic characterisation of asserts the converse of the above remark. This 
is the content of the following theorem. 

Theorem 3.6. Let X be a locally doubling metric measure space. If f E t^ , then 
there exist a sequence {Xj)j in and a sequence {aj)j of t^ -atoms such that J2j ^j'^j 
converges to f in t^ and almost everywhere in X x (0, 1]. Moreover, we have 

11/11,1 ^inf{||(A,),|ki:/ = EA-«^-}- 
Also, if p G (1, oo) and / G fl t'^ , then Xjaj converges to f in t'^ as well. 

The proof of Theorem l3.6l is deferred to Appendix |X] so that it does not disrupt the 
main flow of ideas. It is also possible to characterise t^ in terms of atoms supported 
in truncated Carleson boxes. 

Definition 3.7. Let X be a locally doubling metric measure space. A t^-Carleson 
atom is a measurable function a on X x (0, 1] supported in the truncated Carleson 
box C\B) over a ball 5 in X of radius r{B) > with ||a||i2 < fi{B)-^l^. 

It is immediate that Theorem 13.61 holds with t^-Carleson atoms in place of t^- 
atoms. As explained in Remark 13.51 the converse of Theorem 13.61 does not require 
the upper bound r{B) < 2 on the radii of the supports of t^-atoms. This may not 
be the case for t^-Carleson atoms on a locally doubling metric measure space. In the 
following proposition, however, we show that this is the case on an exponentially 
locally doubling metric measure space. We will need this to prove the molecular 
characterisation of h\y in Lemma lY. 171 This is the first indication that (E^ a) is more 
suited to our purposes than (jDj^. 

Proposition 3.8. Let X be an exponentially locally doubling metric measure space. 
If (Aj)j is a sequence in and {aj)j is a sequence of t^-Carleson atoms, then Xjttj 
converges in t^ with || ■^i'^jllt^ ~ IK^jOill^^- 
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Proof. It is enough to show that sup \\a\\ti < 1, where the supremum is taken over 
all a that are t^-Carleson atoms. 

Let a be a t^-Carleson atom supported on a ball i? in X of radius r{B) > with 

suppose that r{B) < 1. It follows by (|DiocD that fi{2B) < 
cfi{B) for some c > that does not depend on B. Also, we have C^{B) C T^{2B) 
and the radius r{2B) < 2. This implies that a/ ^/c is a t^-atom and the result follows 
by O. 

Now suppose that r{B) > 1. Let be the collection of all balls centered in B 
with radius equal to 1/4. Proposition 12.71 gives a sequence {Bj)j of pairwise disjoint 
balls from ^ such that B C |J^. Bj , where Bj = 4Bj . We also have the following 
bounded intersection property: 

suptl({A; I Bj nBk^ 0}) < oo. 
i 

This follows from the local property of homogeneity, and in particular Remark 12.51 
since for each j G N, the centres of all balls B^ satisfying Bj fl -B^ 7^ are separated 
by at least a distance of 1/4 and contained in 25^. Therefore, the following are well 
defined for each j G N: 



CHB,) aj_ 

2 II 



Also, we have C\B) = 5 x (0, 1] C [j.C^{Bj), since the radius r{Bj) = 1. We 
can then write a = J2j ^j^j^ where each aj is a t^-atom by the previous paragraph. 
Therefore, we have 

j j j j 

where we used (jDj^ in the final inequality to obtain fi{Bj) < fJ'{Bj). Each Bj is 
contained in (1 + ^_^^^^ )B, so by (E^^a) we obtain 

Mi<Ka + j^)B)fiiB)-'<i, 

which completes the proof. □ 

The following duality and interpolation results for the local tent spaces follow as 
in the global case. 

Theorem 3.9. Let X be a locally doubling metric measure space. If p & [1, 00) and 

1/p+l/p' = 1, then the mapping 

9 ^ {f,9)Ll = jj fix,t)g{x,t) d/i(x)y 

for all f G t^ and g G t^' , is an isomorphism from t^' onto the dual space (t^)* . 

Proof. For p = 1 and p' = 00, the proof is closely related to the atomic character- 
isation in Theorem 13.61 and follows the proof of Theorem 1 in [TH] . The remaining 
cases follow the proof of Theorem 2 in [19] . □ 



Theorem 3.10. Let X be a locally doubling metric measure space. If 6 E (0, 1) and 

1 < Po < Pi ^ 00, then 
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where l/pe = (1 — d)/pQ + 9/pi and [-, -jg denotes complex interpolation. 

Proof. The interpolation space is well-defined because 

t^(Xx(0,l])CLL(Xx(0,l]) 

for all p G [1, oo] by fl3.ip . This allows us to construct the Banach space + 1^^, 
which is the smallest ambient space in which t^o and t^^ are continuously embedded. 
The proof then follows that of Theorem 3 and Proposition 1 in [11]. □ 

We conclude this section by dealing with a technicality involving the space . In 
contrast with Proposition 13.31 the set fl t^ may not be dense in when X is not 
compact. Therefore, define to be the closure of t^ fl in so we have both 
the density of fl t^ in and the interpolation result in the following corollary. 

Corollary 3.11. Let X be a locally doubling metric measure space. If G (0,1) 
and 1 <p < oo, then 

where 1/pe = (1 —&)Ip and [■, -Jg denotes complex interpolation. Also, the set flt'^ 
is dense in for all g G [1, oo], and t^ is dense in + 

Proof. If G (0,1), then by a standard property of complex interpolation, as in 
Theorem 1.9.3(g) of [17], and Theorem 13.101 we have 

[t\ne = [t\t^]e=t'/^'-'\ 

If p G (l,oo), then by the standard reiteration theorem for complex interpolation, 
as in Theorem 1.7 in Chapter IV of [32j, we have 

= [t\t°°](i-e)(i-i/p)+6i = t^", 

where the density properties required to apply the reiteration theorem are guaran- 
teed by Proposition 13.31 

Finally, the interpolation in Theorem 13.101 implies that fl C t'^ for all q G 
[1, oo]. Therefore, the density of t^ nt°° in t°° implies that t°° Cif^ is dense in t°° for 
all g G [1, oo]. The density of t^ fl t"^ in t^ from Proposition 13.31 then implies that 
is dense in t^ □ 

4. Some New Function Spaces LFq{X) 

We introduce some new function spaces L^(X), or simply L^, for all p G [1, oo] 
in the context of a locally doubling metric measure space X. Note that functions 
on X are assumed to be complex-valued. We begin with the following abstraction 
of the unit cube structure in M". 

Definition 4.1. Let X be a metric measure space. A unit cube structure on X is 
a countable collection ^ = {Qj)j of pairwise disjoint measurable sets that cover X, 
for which there exists 5 G (0, 1] and a sequence of balls {Bj)j in X of radius equal 
to 1 such that 

5Bj C Qj C Bj. 
The sets in ^ are called unit cubes. 

A unit cube structure exists on a locally doubling space. 

Lemma 4.2. If X is a locally doubling metric measure space, then it has a unit 
cube structure. 



LOCAL HARDY SPACES 



14 



Proof. The cubes are constructed in the same way that general dyadic cubes are 
constructed in Section 1.3.2 of Let ^ be the collection of all balls in X with 
radius equal to 1/4. Proposition 12.71 gives a sequence {Bj)j of pairwise disjoint balls 
from ^ such that X = [Jj ABj . The unit cubes Qj are then defined recursively for 
each J G N by 

Q, = 45,n^(|Jg,.)n^(|j5fc). 

k<j k>j 

We have 5 = 1/4 in this unit cube structure. □ 

In the proof above we could instead use the dyadic cubes constructed by Christ 
in [TT]. In any case, this brings us to the definition of L^(X). 

Definition 4.3. Let X be a locally doubling metric measure space. Let ^ = {Qj)j 
be a unit cube structure on X. For each p e [1, oo), the space L^(X) consists of all 
measurable functions / on X with 

11/11^!^ = (E (MQ.)'"^I|1q./II2)")'<oo. 

The space L^(X) consists of all measurable functions / on X with 

ll/IUs = sup fi{Qj)-^\lQj\\2 < oo. 

These are Banach spaces under the usual identification of functions that are equal 
almost everywhere. The space L^(X) is exactly the Hilbert space L^(X). More gen- 
erally, completeness holds because for each compact set C X and each p G [1, oo], 
we have 

(4.1) IIWllL-^<i.,pl|lx/||2<i.,p||/|U-^ 

for all measurable functions / on X. 

We will see that the spaces are independent of the unit cube structure ^ used 
in their definition. First, however, we consider their relationship with the spaces. 

Proposition 4.4. Let X be a locally doubling metric measure space. The following 
hold: 

(1) n is dense in for all p G [1, oo) and q G [1, oo]; 

(2) L^CLf for allpG [1,2]; 

(3) LPCL^for allpG [2,oo]. 

Proof. Let p G [1, oo) and / G L^. Fix a ball S in X of radius r{B) > 1 and define 
fk = ^ksf for each G N. The functions fk belong to fl for all q G [1, oo] by 
dil]), and 

liml|/-Mr^, = hm (MQ.)'"^I|1q./I|2)' = 

Qjn'=(fcB)^0 

because / G L^, which proves (1). 

We use Holder's inequality to prove (2) and (3). If p G [1,2], then 

11/11^= E II1q./1Ii< E (MQ.)''^I|1q./II2)' = II/III.^ 
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for all / G L^, which proves (2). If p G [2, oo), then 

ii/iii^,= E if^m'-'UQ.niiY < E = 11/11^ 

for all f e L'P, whilst 



1 



1 1 



= sup /i(Q,)-^iiiQ,riii^ < sup 



for all / G which proves (3). □ 

Now we turn to the atomic characterisation of L\^. 

Definition 4.5. Let X be a locally doubling metric measure space. An L\^-atom is 
a measurable function a on X supported on a ball S in X of radius r{B) > 1 with 
\\ah<l^{B)-'^\ 

If a is an L^-atom, then a belongs to L^flL^ with ||a||i < 1. If X is exponentially 
locally doubling, then it is shown in the following theorem that ||a||^i^ < 1. This 
allows us to prove that is precisely the subspace of in which functions have 
an atomic characterisation consisting purely of atoms supported on balls with large 
radii. The effectiveness of (E«; a) in the proof of the first part of the following 
theorem can be understood in terms of its equivalence with the condition (Dgio) 
from Proposition 12.101 

Theorem 4.6. Let X be an exponentially locally doubling metric measure space. 
The following hold: 

(1) If {Xj)j is a sequence in and {aj)j is a sequence of L)^- atoms, then Xjaj 
converges in with \\ XjajWii^ < || (Aj)j||£i; 

(2) If f E L^, then there exist a sequence {Xj)j in and a sequence {aj)j of 
L^-atoms such that XjOj converges to f in and almost everywhere in 
X. Moreover, we have 

||/|Li^^inf{||(A,),||,i:/ = EAa^}- 

Also, if p ^ (1, oo) and f G fl L^, then J2j '^j^j converges to f in IF^ as 
well. 

Proof. To prove (1), it is enough to show that sup{||a||ii^ : a is an L^-atom} < 1. 
Let a be an L^-atom supported on a ball B of radius r{B) > 1. Let 

= {Qj G ^ : n S ^ 0}. 

For each Qj G there exists a ball Bj in X of radius equal to 1 such that 

6B^ C Qj C Bj, 

where S is the constant associated with J2 in Definition 14.11 The Cauchy-Schwarz 
inequality and the properties of the unit cube structure imply that 



\a\\l. <\\a\\l Yl MQ.) = ll«ll2/"( U Qj) <I^{B)-'fi{{l + ^)B). 



The lower bound on r{B) and (E^^a) then imply that ^ 1, where the constant 

in < does not depend on a. 
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To prove (2), let / G L^^. We can write /(x) = YIq (^^^j'^A^) almost every 
a; G X, where 



and = /i(Qj)2||lQ^./||2. 



Given that / G L^, this series also converges to / in L^. The same reasoning shows 
that if / G fl for some p G (1, oo), then the series also converges to / in W^. 
Also, each is supported in Qj C Bj, so by dPiod ) we obtain 

Therefore, each is a constant multiple of an L^-atom, and this constant does not 
depend on / or Qy The result then follows since ||(Aj)j||£i = □ 

Remark 4.7. The proof of the second part of Theorem 14.61 actually shows that a 
function in has a characterisation in terms of L^-atoms supported on balls of 
radius equal to 1. 

The definition of L^-atoms does not require a unit cube structure. Therefore, 
the atomic characterisation of shows that, up to an equivalence of norms, L\ 
is independent of the unit cube structure ^ used in its definition. The atomic 
characterisation of is also related to the following duality. 

Theorem 4.8. Let X be an exponentially locally doubling metric measure space. If 
p G [1, oo) and 1/p + 1/p' = 1, then the mapping 



9 ^ = J f{x)g{x) d/i(x) 



for all f G and g G L^, is an isometric isomorphism from onto the dual 
space {L^^y ■ 

Proof. Let p G [1, oo). If / G and g G L^, then Holder's inequality gives 

\{f,9)LA < Yl KIq./'Iq.^)^^! 

< J2 UQjh\\iQ,ghKQj)^'hiQj)^'' 

To prove the converse, given p and q G [l,oo), let Wg{Qj) = n{QjY^'^^'^ for all 
Qj G ^, and define P'iwq) to be the space of all sequences ^ = {^q }q with 
iq. G L2(Q^.) and 

Let T G (L^)* and define f G {i^iwp))* by 
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for all ^ G i^{wp). It is immediate that ||T|| < ||T||, and by the standard duality 
there exists r] G i^' (wp) such that ||?7||^p'(^p) < and 

for all ^ G £^{wp). Therefore, we have 

T{f) = T({lQ^/}Q^,e^) = (/, lQ^r]Q^)L2Wp{Qj) = {f,g)L^ 

for all / G L^, where g = J^Q^es^QjVQj'^piQj)- Now consider two cases: (1) If 
p G (1, oo), then 

y\\L% = ( E ^^m'-^VQAQ^y-"r2f = ii^ii^^'k) < m 

(2) If p = 1, then 



Iblki = sup /i(Qj) 2||1q,^I|2 

= sup lliQjY^ sup |(/,fi')L2| 
Q,-e^ ||/||2=i, 
sppt/CQj 

= sup sup /i(Qj)-5|r(/)| 

Q,ei2 |i/||2=i, 

sppt/CQj 

< sup sup /i(Q,)-^ ||T||||/|Ui^ 

Q,ei2 ||/||2=i, 

sppt /CQj 

which completes the proof. □ 



oo 

3 



The duality between and shows that, up to an equivalence of norms, L 
is independent of the unit cube structure ^ used in its definition. This is made 
explicit by the following corollary. 

Corollary 4.9. Let X be an exponentially locally doubling metric measure space. 
Let denote the set of all balls 5 in X of radius r{B) > 1. Then 

for all / G 

Proof. Let f e L"^. Given Q G ^, let S be a ball in X of radius r{B) = 1 such 
that SB ^ Q ^ B, where 5 is the constant associated with ^ in Definition 14.11 It 
follows by dPiocD that fi{B) < fi{6B), where the constant in < does not depend on 
Q. Therefore, we have 

MQ)"^IIWIl2<M5)"^IIWIl2 

for all Q G which implies that 

^ sup n{B)-^2\\lBf\\2- 
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To show the converse, suppose that (? G is supported in a ball B G with 
radius r{B) > 1. As in the first part of the proof of Proposition 14.61 we find that 

Ml^ < \\9\\lf^ia + 7m)^^^\\3\\lKB), 

where the second inequality, which follows from (E«; a) since r{B) > 1, does not 



depend on g or B. Using this and Theorem 14.8^ we obtain 

sup /i(5)"5||l^/||2 = sup sup |(fi',/)L2| 

sei^i Be,«i Il9ll2=i, 

sppt fCB 

< sup sup fi{By^\g\\Li WfWL'g 
Be.«i l!g||2=i, 

sppt/CB 

~ ll/IUs' 

which completes the proof. □ 

Given that and are independent of the choice of the following inter- 
polation result shows that, up to an equivalence of norms, the spaces for all 
p G (1, oo) are independent of the unit cube structure ^ used in their definition. 

Theorem 4.10. Let X be an exponentially locally doubling metric measure space. 
If E (0, 1) and 1 < Po < Pi < oo, then 

rrPo rPil _ rPe 

isometrically, where 1/pe = {^ — d)/Po+d /Pi o-nd [■, -Je denotes complex interpolation. 
Proof. The interpolation space is well-defined because 

L'^X) C LUX) 

for all p G [1, c>o] by (14.11) . This allows us to construct the Banach space + L^, 
which is the smallest ambient space in which and are continuously embedded. 

The space £^{wp) was defined for all p G [l,oo) in the proof of Theorem 14. 8[ 
Likewise, let 

for all Qj G ^, and define i°°{woo) to be the space of all sequences ^ = {C,Qj}Qj£^ 
with G L^{Qj) and 

Uh^iw^) = sup Wi-Q.^Q.hWooiQj) < OO. 

If 1 < Po < Pi < oo, then w^^ ^^^^°Wpi^^ = w^J^" , whilst if pi = oo, then 
= w^g^" . Therefore, by the interpolation of vector- valued spaces, 
as in Theorem 1.18.1 of [4^, and the interpolation of weighted spaces, as in 
Theorem 5.5.3 of llOi, we obtain 



isometrically. Note that the isometric equivalence is proved in Remark 1 of Section 
1.18.1 of [17], and the proof for = oo is given in Remark 2 of the same reference. 
Define the operators R and S by 

R^=^'^Qj^Qj and Sf = {lQj}Q^^s 
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for all sequences ^ = {■CqjIq^s^ with ^q. G L'^{Qj), and all measurable functions / 
on X. If p G [1) oo], then the restricted operators 

R : F{wp) L% and S : L% ^ F{wp) 

are bounded with operator norms equal to 1. Moreover, we have RS = / on 
and R{P'{wp)) = V^. The operator i? is a retraction and S is its coretraction. It 
follows by Theorem 1.2.4 of [17], which concerns the interpolation of spaces related 
by a retraction, that S is an isometric isomorphism from [LF^,LF^]g onto 

5i?(r = SR{P>\wp,)) = S{L^i) 

in iP^i^Wpg). Therefore, we have [L^,L^]0 = iso metrically. □ 

We conclude this section by defining L'^ to be the closure of HL^ in L^, and 
noting the following corollary. 

Corollary 4.11. Let X be an exponentially locally doubling metric measure space. 
U e (0, 1) and 1 < p < oo, then 

rrp TOO] _ tVb 

isometrically, where l/pe = (1 — 0)/p and [■, -Jg denotes complex interpolation. Also, 
the set I/^ n is dense in L"^ for all g G [1, c>o], and is dense in L;^ + L^. 

Proof. The proof follows that of Corollary 13.111 by using Proposition 14.4( 1) and 
Theorem mfol □ 



5. Exponential Off-Diagonal Estimates 

We return to the setting of a complete Riemannian manifold M and derive the 
off-diagonal estimates required to define and characterise our local Hardy spaces. 
To consider differential forms on M, let us first dispense with some technicalities. 

For each = 0, dimM and x G M, let /\^T*M denote the fcth exterior power 
of the cotangent space TIM. Let A^T*M denote the bundle over M whose fibre 
at X is A''T*M, and let AT*M = ®f^o^ A'' T*M. A differential form is a section 
of AT*M. For each p G [l,oo], let L'p{AT*M) denote the Banach space of all 
measurable differential forms u with 

|L,|i , ^ - /(/a/I«(^)Iat*m if pG [l,oo); 

\\U\\LP{^T*M) — \ ^ I / X, 

[ess sup^gjvj |u(a;)|AT^M, if p = oo, 

where | ■ |at*a/ is the norm associated with the inner-product (■, ■)at*m given by the 
bundle metric on AT*M at x. 

Our main technical tool will be holomorphic functional calculus, which requires 
the following definition. A comprehensive introduction to this topic can be found in 
Chapter VII of |23j. 

Definition 5.1. Given < < ^ < 7r/2, define the closed and open bisectors in 
the complex plane as follows: 

S'^ = {z G C : I arg^l < /i or |7r — arg z\ < /i}; 
= {z G C \ {0} : I arg2;| < 6* or |7r - argz| < 9}. 
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Given r > 0, define the closed and open discs as follows: 

Dr = {z e C : \z\ < r}; 

D° = {zeC: \z\ < r}. 

These are denoted together by S^^r = S^U and Sq^ = Sq U D°. Note that 
Do — {0}, Sufi = S/^, = and = Sq. A holomorphic function on Sq^. is 
called nondegenerate if it is not identically zero on Sqj. and, when r = 0, is not 
identically zero on cither component of Sg. 

Let H'^{Sg ^) denote the algebra of bounded holomorphic functions on Sq^. Given 
/ e H^{SlJ) and t e (0, 1], define /* e H^{Sl^) and ft G H^{Sl^n) ^ Allows: 



r{z) = f{z) for all z e S^y, 
Mz) = f{tz) for all z e 5,°,/,. 
Given a, ^ > 0, define the following sets: 

HiSlr) = {V' e H^iSl) : \i^{z)\ < min{|^r, \z\-^}}; 

e^isi^) = {0 e : mi < \z\-^}. 

Let ^^{Sl^) = U,>o^^(^.%)> ^''('5.%) = Ua>o^^('5.%), ^(^.%) = U;3>o*''('5e,.) 
ande(5,«,,) = U^>oe/^(^,«,J. 

There is also the following notation. 

Notation. Given a linear operator T on L'^{AT*M), let D(T), R(T), N(T) and ||T|| 
denote its domain, range, null space and operator norm, respectively. The resolvent 
set p{T) is the set of all 2; e C for which zl — T has a bounded inverse with domain 
equal to L^{AT*M). The resolvent Rt{z) is defined by 

RTiz)^{zI-T)-^ 

for all z e p{T). The spectrum (j{T) is the complement of the resolvent set in the 
extended complex plane. 

Given a bounded measurable scalar-valued function rj on M, let rjl denote the 
operator on L?'{/\T*M) of pointwise multiplication by 77. Square brackets [•, •] denote 
the commutator operator. 

In the remainder of the paper, we consider a closed and densely-defined operator 
V : Dip) C L'^{AT*M) L'^{AT*M) satisfying the following hypotheses: 

(HI) There exists u G [0, 7r/2) and R> such that V is of type S^^r. This is defined 
to mean that a{V) C S^^r and that for each 9 e {u,n/2) and r > R, the 
constant 

Ce,r := su^{\z\\\Rv{z)\\ : z e C \ Se,r} 
satisfies < Cg,,. < 00. Given G 6(S'g this property allows us to define the 
bounded operator 0(2?) on L'^{AT*M) by 



(i){V)u I (t>{z)Rv{z)u dz 

e,f 



for all u e L'^(AT*M), where 6 e (a;,^), f e (i?,r) and +9,55 denotes the 
boundary of Sg . oriented anticlockwise. 
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(H2) For all 6 G (a;,7r/2) and r > R, the operator V has a bounded H°°{Sg^) func- 
tional calculus in L^(AT*M). This is defined to mean that for each 6 G {u, tt/2) 
and r > R, there exists c > such that 

110(^^)11 <c||0||oo 

for all (p G 0(5^^). Given / G H°°{Sg^), this property allows us to define the 
bounded operator f{V) on L'^{AT*M) by fiV)u = lim„_^oo(/0i/n,)(^^)M for all 
u G L^(AT*M), where G O(S'g^) such that 0i/„(-2) := (p{z/n) converges to 1 
uniformly on compact subsets of Sg^. The mapping / f(J^) is an algebra 
homomorphism from H°°{Sg^) into the algebra of bounded linear operators on 
L2(aT*M) such that 

ll/(I?)ll<c||/||oo 

for all / G H'^^iSl,). 

(H3) The operator P is a first-order differential operator in the following sense. There 
exists Cd > such that for all smooth compactly-supported scalar-valued 
functions r] G C^{M), the domain D{V) C D{V o rjl) and the commutator 
[D, rjI] is a pointwise multiplication operator such that 

\[D,r]I]u{x)\;,TiM < CT)\dr]{x)\T*M\u{x)\;,TiM 

for all u G D(P) and almost all x G M, where d is the exterior derivative. 

The hypothesis (HI) in the case i? = is precisely the condition that V is of 
type Suj (or w-sectorial). The theory of type operators is well-understood and 
can be found in, for instance, [291 El]- In particular, given < oj < 9 < 11/2, 
ip G "^{Sq) and an operator T of type S^j, it is proved in [21 [37] that T has a 
bounded H°°{Sg) functional calculus if and only if the quadratic estimate 

/ \\MT)u\\i ^ ^ \\ur 

Jo ^ 

holds for all u G R(T). The theory of type S^^r operators in the case R > 
is contained in [SH]. In particular, given an operator P satisfying (HI), the main 
result of that paper shows that (H2) is equivalent to the requirement that V satisfies 
local quadratic estimates, which we will introduce after Proposition 17.21 

Note that, as a means of generalizing this theory to other contexts, one could 
replace the space C^{M) in (H3) with the space of bounded scalar- valued Lipschitz 
functions Lip(M). This stronger condition is still satisfied by the Hodge-Dirac 
operator, as in Example 15.21 below, and it obviates the need to construct smooth 
approximations in the proof of Lemma [5731 Moreover, all of the results in this paper 
hold under this condition. 

Example 5.2. The Hodge-Dirac operator D = d+d* defined on the space of smooth 
compactly supported differential forms C^{AT*M) is essentially self- adjoint (see 
Theorem 1.17 and Example 1.7 in [28J). Therefore, its unique self-adjoint extension, 
also denoted by D, immediately satisfies (Hl-2) with a; = 0, i? = and Cg^r = 
1/ sin^ for all 6 G (0,7r/2) and r > 0. It also satisfies (H3), since it is a first-order 
differential operator, and C^i = 1, since for all rj G C^{M) we have 

|[L>,?7J]m(x)|at*m = \dri{x)Au{x) - dr]{x) JM(x)|Ar-M = \dvix)\T*M\u{x)\;,TiM 
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for all u G C^{AT*M) and almost all x G M, where a and j denote the exterior 
and (left) interior products on AT*M, respectively. Note that the second equality 
above holds because di]{x) j is an antiderivation on AT*M, which implies that 

di] _i{dr] Au) = \dr]\'^,j^^u — dr] A{dr] j u) 

pointwise almost everywhere on M. 

Off-diagonal estimates, otherwise known as Davies-Gaffney estimates, provide a 
measure of the decay associated with the action of an operator. Their use as a 
substitute for pointwise kernel bounds is becoming abundant in the hterature. In 
particular, they are an essential tool used to prove the Kato Conjecture in [3] and the 
related results in The theory of off-diagonal estimates has also been developed 
in its own right in [6j. The following notation is suited to these estimates. 

Notation. For all x >0, let (x) = min{l,x}. For all closed subsets E,F ^ M, let 
pi.E,F) = mf^^E,yeF pix,y). 

We prove off-diagonal estimates for the resolvents Rv{z) and then deduce esti- 
mates for more general functions of V by using holomorphic functional calculus. 
The following proof utilizes the higher-commutator technique from Section 2 of [3H] . 
Note that we could instead apply the technique for establishing off-diagonal esti- 
mates from [U [5] . 

Lemma 5.3. Let 0<w<^<7r/2 and < i? < r and suppose that "D is a 
closed operator on L^(AT*M) of type S^^r satisfying (HI) and (H3) with constants 
Ce^r > and > 0. For each a G (0, 1) and b > 0, there exists c > such that 

111 p r ^1 11^ Ce,r/^__\' ( p{E,F)\z\ 
\\1eRv\z)1f\\ < c— - ( ) exp —a- 



^p{E,F)\z\/ "V CvCe,r 
for all z G C \ Sg^r and closed subsets E and F of M. 

Proof. Let E and F be closed subsets of M with p{E, F) > 0. For each e > 0, there 
exists r/ : M ^ [0, 1] in C~(M) such that 



ri{x) 



if X e E; 

if p{x,E)>piE,F) 



and ||c??7||oo = ^'^PxeM \df]{x)\T*M < (1 + ^)/p{E,F). The function t] can be con- 
structed from smooth approximations of the Lipschitz function / defined by 



fix) 



l-pix,E)/p{E,F), if p(x,E) <p(E,F); 
0, if pix,E)>piE,F) 



for all X G M. Note that / is Lipschitz because the geodesic distance p is Lipschitz 
on a Riemannian manifold. For further details see, for instance, 
Fix a G (0, 1), 5 G (a, 1) and e = It suffices to show that 

Ce,r / (1 + ^)CvCe,r 



(5.1) ||l^i?^(^)l^|| < inf n. 

neNo y p[E,F)\z\ 

where No = N U {0}. For 6 = 0, the result follows from (15. ip because 5/(1 + e) > a 
and e^^ = XlneNo^^*^)"/^' — 1^5 ^^PneNo ^"/'"'' x > 0. For each 6 > 0, the 
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result follows from (15.11) because (5 — e)/(l + e) > a and e~^^ < ^-6g-(<5-e)x 
X > 0. 

We make repeated use, without reference, of the following easily verified identities 
for operators A,B and C: 

[A,BC] = [A,B]C + B[A,C]; [A,B-^] = B-^[B,A]B-^ 

on the largest domains for which both sides are defined. 
First, we show by induction that 

(5.2) [r^J, {[V,vI]Rv{z)r] = -n{[V,vI]Rv{z)r+' 

for all n G N. The commutator [D, rjl] is a pointwise multiplication operator by 
hypothesis (H3). This implies that [rjI, [D, rjI]] = 0, so (15.21) holds for n = 1. If (15. 2p 
holds for some A; G N, then 

[vI,i[D,vI]Rr,iz))'^'] 

= [r]I, [V,r]I]Rr,{z)]{[V,7]I]Rr,{z)f + [V,7]I]Rr,{z)[r]I , {[V,r]I]Rr,{z))''] 

= [V,r^I][r^I,Rv{zmV,r^I]Rv{z))' - k{[V,r^I]Rv{z))'+' 

= -[V,7]I]Rj,{z)[V,7]I]Rj,{z){[V,7]I]Rj,{z))'' - k{[V,7]I]Rj,{z))''+^ 

= _(A; + l)([P,,^/]i?^(^))'=+2^ 

SO (15. 2p holds for all n G N. Next, we show by induction that 

n 

(5.3) [^il^^,Rv{z)]...] = {-irn\Rr,{z){[V,r]I]Rv{z)r 

for all G N. This is immediate for = 1. If (15. 3p holds for some /c G N, then by 
(15. 2p we have 

fc+i 

[^il^^, Rviz)U 

= i-l)''k\[vI,Rr,iz)i[V,vI]Rr,iz))''] 

= (-!)'= A;!{[r/J,i?^(z)]([I),r^/]i?^(^))^ + i?^(z)[r//,([P,r//]i?^(^))'=]} 
= (-l)^k\{-Rr,{z){[V,r^I]Rr,{z))'+' - kRr,{z){[V,r^I]Rj,{z))'+'} 
= (-l)>^+\k + l)\Rr,iz){[V,r^I]Rr,iz))'^^\ 
so (15. 3p holds for all n G N. Using (I5.3p with hypotheses (HI) and (H3), we obtain 
\\1eRv{z)1f\\ < \\ivlTRviz)lF\\ 

= \\{vir-'[vi,RvmF\\ 

n 

= \\[^iK^^,Rv{z)]...]lF\\ 

<n\\\Rv{z){[V,r]I]Rv{z)r\\ 

< n\{CT,\\dr]\\^r\\Rr,{z)r'-' 

. yCor / (1 + ^)CvCo_r 

< 77 I I — 

- ■ \z\ \ p{E,F)\z\ 
for all n G No, which proves (15. ip . □ 
The following proof was inspired by the proof of Lemma 7.3 in [30] . 
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Lemma 5.4. Let 0<ci;<6'<7r/2 and < R < r and suppose that V is an 
operator satisfying the assumptions of Lemma I5.3[ Let M > and 6 > 0. For 
each ip G "^M+si^d r)^ ^ ^ ^^i^dr) ^ ^ (0' 1)' there exists c > such that the 
following hold: 



t \ f r 



;i) < c||/|U ( l^-^cw^'"^^'^^ 



(2) < c||/|Uexp -a-—^p{E,F) 

for all t G (0, 1], / e J and closed subsets E and F of M. 

Proof. For all 6 G (w, 6') and f G (-R, r), let +c^'S'|_ denote the boundary of S*?, 
oriented anticlockwise, and divide this into •jf = _ fl and 7g = +^^5'? _ fl Sg. 

Using the Cauchy integral formula from (HI), we have 

lE{m{V)lp = ^ ^ + ^ j f{z)Mz)lERv{z)lF dz = h + h 

for all 9 G (cj, 6') and f G {R,r). It follows by Lemma 15.31 that for each a G (0, 1) 
and 6 > 0, we have 

and 



(p(E,F)|z|)^ 



+ 



1*^1 ^ -ap(E,F)\z\/CT,C,^ 



(p(i?, \Z 
for all ^ G {u, 6) and f G (-R, r). Setting 6 = shows that 

and setting b = M shows that 

Altogether, this shows that for each a G (0, 1), there exists c > such that 

||i^(M)(P)i^|| < cC,;,||/|U(t/p(i?,F))*V"(^/^-^«v)''(^'^) 

for all 6 G (a;, ^) and r G (-R, r). The first result follows by noting that 

sup{f/C,;, : e G (00,6), f G (i?,r)} = r/C,,,. 
The proof of the second result is similar. □ 
We conclude this section with a useful application of this result. 
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il)\\lEM^Ps)iV)lp\\ < C 



Proposition 5.5. Let 0<u<6<7i/2 and < R < r and suppose that P is an 
operator satisfying the assumptions of Lemma 15.31 Let < a < a and < t < (3. 
For each ^ G ^{Sl,), E ^^(5^°,), <P G Bf'iSl,), G B^iS^,) and a G (0,1), 
there exists c > such that the following hold: 

(s/t)^(t/p(E,F))"+-e-'^(''/^^^''-)''(^'^) if s<t; 
(t/s)'^(s/p(E,F))/5+-e-'^('-/^^^''-)''(^'^) if t<s; 

(2) ||1^(0 < c||/|U s-e-'^W^-^«-)^(^'^); 

(3) 111^(^^/0 )(I))1^|| < c||/|U re-«('-/^-^«-)''(^'^); 

(4) ||ls(0 /0 ){V)1f\\ < c||/|U e-'^(^/^-^«-)^(^'^), 

for all s,t G (0, 1], / G H'^iS^^) and closed subsets E and F of M. 

Proof. To prove (1), first suppose that < s < t < 1 and choose 5 G (0, /3 — r). Let 

^(^)(z) = {sz)-^^+^^i>s{z)f{z) and 17(2) = z^+^ip{z) so that 

The function is in '^'l+T+li^e r) ^^e functions g(^s) are in \E'(S'g j.) and satisfy 
sup^g(o,i] ll5'(s)l|oo ^ ll/l|oo- Therefore, Lemma provides the off-diagonal estimate 

\\lE{gis)VtmiF\\ < lk(.)||oo(t/p(i?,F))"+^e-'^(^/^-^«-)''(^'^) 

and the required estimate follows. The proof in the case 0<t<s<lis analogous. 
The results in (2) and (3) follow from Lemma [5.41 by writing the following: 

i^mz) = rz-~^{z)f{z){tz)~-i^{tz). 
The result in (4) follows immediately from Lemma 15.41 □ 

6. The Main Estimate 

We consider a complete Riemannian manifold M that is exponentially locally 
doubling. The spaces fi^X x (0,1]) and L^(X) introduced in Sections [3] and H] 
consist of measurable functions. We begin by showing that it is a simple matter to 
formulate that theory for differential forms. 

The local Lusin operator ^loc is defined for any measurable family of differential 
forms U = {Ut)te(o,i] on M, where each Ut is a section of AT*M, by 



ri(x) 



^y^' V{x,t) t 



for all X G M. The dual operator C\oc is defined in the same way. For each p G [1, 00], 
the local tent space t^{AT*Mx (0, 1]) consists of all measurable families of differential 
forms U on M with 



\U\ 



{J^jiAiocU{x))P dfx{x))^, if pG[l,oo); 
ess sup ^.gj^/ Ciocf^(a;), if p = oo. 

Let LI{AT*M X (0,1]) denote the space of all measurable families of differential 
forms U on M with ||?7||^2 = Jq Il^i|li2(/^r.jv/)^- before, this is an equivalent 
norm on t^{AT*M x (0, 1])*. 
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m TP 



M\ocU{x) = sup jyY-—^\\lB{x,r)U\\LH/\T'M) 



Next, fix a unit cube structure ^ = {Qj)j on M. For each p G [1, oo], the space 
L^(Ar*M) consists of all measurable differential forms u on M with 

kj2Q,^QiKQj)^^'^UQM\LHAT^-M)y)K if pe[i,oo); 

lsUPQ^e^/i((5j)"^||lQ,/||L2(AT*M), if P=00. 

As before, we have L%{AT*M) = L'^{AT*M). 

A ti(AT*M)-atom is a measurable family of differential forms A = {At)t^(o^i] on 
M supported in the truncated tent T^{B) over a ball i? in M of radius r{B) < 2 with 
II^IIl^ ^ l^{B)^^/'^. The atomic characterisation in Theorem 13.61 is proved in this 
context by defining the local maximal operator A^ioc for all measurable differential 
forms u on M by 

1 

for all a; e M 

An L^(AT*M)-atom is a measurable differential form a on M supported on a 
ball i? in M of radius r{B) > 1 with ||a||2 < ^{B)^^^"^. The proof of the atomic 
characterisation in Theorem 14.61 goes over directly. 

The duality and interpolation results from Sections [3] and H] extend to this setting 
as well. In what follows, we only consider spaces of differential forms and usually 
omit writing AT*M and AT*M x (0, 1]. 

Definition 6.1. Let M be a complete Riemannian manifold. Let u G [0,7r/2) and 
i? > and suppose that P is a closed densely-defined operator on L'^{AT*M) of 
type S^^R satisfying (Hl-2). Given 9 G (w, tt/2), r > R, ^ e ^(S'^^J and (p G 6(5^ J, 
define the bounded operators : L"^ Ll ® L'^ and S'^^^ : Ll ® L'^ L"^ by 

Ql^u = {MT^)u,ct){V)u) 

for all u e L?' and t G (0, 1], and 

Jo "S "-^^Ja 

for all {U,u) G © L^. 

The operator Q^^^ is bounded because V satisfies (HI) and (H2). This is a 
consequence of the equivalence of (H2) with the requirement that V satisfies local 
quadratic estimates, which we will introduce after Proposition 17.21 Further details 
are in [39]. It is also well known that the adjoint operator V* satisfies (Hl-2) if and 
only if V satisfies (Hl-2). Therefore, we have = {Q^l^^*)* , where ip* and 0* are 
given by Definition 15. Ij and this is a bounded operator. 

The remainder of this section is dedicated to the proof of the following theorem, 
which is fundamental to the definition of our local Hardy spaces. It is a local analogue 
of Theorem 4.9 in [7]. The proof below simplifies some aspects of the original proof. 

Theorem 6.2. Let k, A > and suppose that M is a complete Riemannian manifold 
satisfying (E^^a)- Let oj G [0, 7r/2) and R> and suppose that V is a closed densely- 



u 



defined operator on L {/\T*M) of type S^^r satisfying (Hl-3). Let 6 G (cu, r > R 
and /3 > k/2 such that r/CvCgr > A/2, where Cqt is from (HI) and C-d is from 
(H3). 
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For each ^ G ^^(5^%), i) G ^p{Sl^), G e'^(Se°,,) and G 6(5^ J, ^/iere exists 
c > snc/i i/iai i/ie following hold for all f G H°°{Sq j.): 

(1) r/ie operator ^f{'^)<S^ ^ has a bounded extension Vj satisfying 

\\mu,u)\UL.^<c\\f\u\{u,u)\\ 

for all {U, u) etP® L% and p G [1, 2]; 

(2) The operator Q^^/l^)'^^^ has a bounded extension Vj satisfying 

for all (U, u) etP ® and p G [2, oo] . 

Proof. Hypothesis (H2) and the comments in the paragraph after Definition 16.11 
guarantee that both 2^^/(^)'5|'^ and satisfy the estimates in (1) 

and (2) on L%. 

To prove (1), define the following operators: 

io, s ■> 

f ~ ds 

P/'^f/ = <P{V)f{V)^,{V)U,-; Vf'\ = <P{V)fiV)<PiV)u, 



'0 

for all U G Ll, u E L?' and t G (0, 1], so we have the system 

for all {U,u) G © L^. 

We claim that there exists c > such that 

(6.1) \\QlJ{V)Sl^{A,a)\\,.^L.^ < clI/lU 

for all A that are t^-atoms and a that are L^-atoms. The proof of (16.11) is quite 
technical, so we postpone it to Lemmas 16.31 16.51 16.41 and 16.61 

The set t^ fl t^ is dense in t^ by Proposition 13.31 Therefore, to prove that there 
exist bounded extensions V^'^ : t^ ^ t^ and V^'^ : t^ — )■ L^, it suffices to show that 

(6.2) WV^Mt^ < \\f\U\Uy and ||P/''f/|L^ < ||/||oo||f/|ki 
for all U G t^nt^. 

If f/ G t^nt^, then by Theorem 13 . 61 there exist a sequence {Xj)j in and a sequence 
{Aj)j of t-'^-atoms such that J^j^j^j converges to U in with ||(Aj)j||£i < 



Then, since f(V)S'^ j is bounded on © L^, we have 



I , ^ ,w is be 

2,1, 



where the sum converges in L^. Also, the partial sums YTj=i'^f ' i^j^j) form a 
Cauchy sequence in by (16.11) . Therefore, there exists v G such that 

^ = E,A,P/'^(A,), 

where the sum converges in L^, and ||f ||li < ||/||oo||^||ti- Given that both and 
are continuously embedded in + L^, as in the proof of Theorem I4.10[ we 
must have v = IP^'^U. A similar argument holds for V^'^U to give (16.21) . 
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The set fl is dense in by Proposition 14.41 Therefore, to prove that there 
exist bounded extensions 7^ ' : — )• and Vjr ' : — )■ L^, it suffices to show 
that 

(6.3) \\V/''^u\\ti < ||/||oo||M|Uig and ll^^'^^^IUi^ < ||/l|oo||MiUig 

for all M e n L^. 

If u G n L^, then by Theorem 14.61 there exist a sequence in £^ and a 

sequence (aj)j of L;^-atoms such that J2j '^j^j converges to u in with ||(Aj)j||^i < 
Then, since ^fi.'^)'^^ ;p is bounded on © L^, we have 

where the sum converges in t"^. Also, the partial sums Yl^=i '^^'^(■^i'^i) form a Cauchy 
sequence in by (16. ip . Therefore, there exists V & such that 



1,2, 



a 



'3)1 



where the sum converges in t^, and ||V^||ti ^ II/IIooH^^IIli • Given that both and 
are continuously embedded in + t^, as in the proof of Theorem 13.101 we must 
have V = 'P^''^u. A similar argument holds for Vj^'^U to give (16. 3p . 

The bounds in (16. 2p and (16. 3p prove that ^fij^)^^ ^ has a bounded exten- 
sion satisfying the estimate in (1) on © L\g. Therefore, result (1) follows by the 
interpolation in Theorems 13.101 and 14.101 

To prove (2), note that replacing V with V* in the proof of (1) shows that 
'2^** ^*f*{P*)S'^l ^, has a bounded extension Vf* satisfying the estimate in (1) on 
t^©L^. The duality in Theorems 13 . 91 and 14 . 81 then allows us to define the dual opera- 
tor V'f, satisfying the estimate in (2) on t'^QL'^. We also have Vf. = Q^^f{T^)S'^^ 

on (t°°nt2)©(L^nL|), as = (gJ-V)* °^ t^®L'%. Therefore, result '(2) follows 
by the interpolation in Theorems 13.101 and 14.101 □ 

The remainder of this section is devoted to proving (16. ip . The proof is divided 
into four lemmas. We adopt the notation 

1,1 ^1,2n 



as in the proof of Theorem 16.21 



Lemma 6.3. Under the assumptions of Theorem 16.21 there exists c > such that 
ll'^"'^'^^!!*! ^ c||/||oo for all A that are t^-atoms. 

Proof. Let A be a t^-atom. There exists a ball i? in M with radius r{B) < 2 such 
that A is supported in T^{B) and \\A\\li < 1^(3)-^/^. If r{B) > 1/2, let K = 0. If 
r{B) < 1/2, let K be the positive integ'er such that 2^ < l/r{B) < 2^'+\ Next, 
associate B with the characteristic functions 1^ defined by 

Lti(4B) if k = 0] 

lTi(2fc+2s)\7-i(2fc+iB) if K>1 and k&{l,...,K}. 

Also, define the ball B* with radius r{B*) e [4,8] by B* = 2^^^'^B and associate it 
with the characteristic functions 1^ defined by 

Ifc = lTi((fc+l)B*)\Ti(fcB*) 
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for all G N = {1,2,...}. 

Let ifc = IkV/'^A and Al = IIV/'^A, so we have sppt Ak C T\2''+^B), sppt Al C 
{{k + 1)5*) and 

K oo 

v;''A = Y,A, + Y,^i 



k=0 k=l 



We prove below that there exist c > and two sequences {Xk)ke{o,...,K} and (A^)fceN 
in i^, all of which do not depend on A, such that the following hold: 

(6.4) \\Akhl<c\\f\\ooXkfi{2'+'B)-'^ forall ke{0,...,K}- 

(6.5) Ili^lU^ <c||/|UA:,^((A; + l)i?*)-^ forall keN. 

The result then follows by Remark 13.51 

To prove (ED and ([631), choose 6 in (0, ^^) so that e ^a^l'S'e.J and that 
ip G ^l'^'^(5'g r), which is possible because /3 > k/2. Also, choose a in (f , 1), 
which is possible because r/CxtCg^r > A/2. Proposition 15.51 applied with cr = 5 and 
T = P — 5 then shows that 

(6.6) iiiM^,M)(P)i^ii < ii/ii^e-(-/^-^^.-)^(^-^) isiir^psir '5'' 

tU'' \p(E,F)i HISS 

for all s, t e (0, 1] and closed subsets E and F of M. Applying the Cauchy-Schwarz 
inequality and considering the support of A, we also obtain 



\{VfA), 

(6.7) 



min{f , f }5 (^min{f , f }"(^,/^,)(P)A/ 



< 



min{f,f}-^|(^,M)(I))^'2 



s 



for all t e (0, 1]. We now use ^Bj and dHUD to prove and (1^31) : 

Proof of f l6.4p . The operator 2^^/(^)'5|'^ is bounded on © L^, so we have 

II^ILi < \\vMM\li < \\f\U\Ah. < ||/|UM4i?)-i 

Suppose that K > 1 and that k E {1, . . . , K}, which implies that 2^r{B) < 1. Note 
that the support of Ak is contained in T'^{2''+'^B)\T'^{2''+'^B). Also, if (x, t) belongs 
to T\2^+^B) \ T^{2^+^B) and t < 2^(5), then x belongs to 2^+^B \ 2^B. Using 
(16. 7p . we then obtain 

< / / min{f,f}-il2.+.B\2^B(^*M)(I?)A.||^-- 

Jo Jo -5 

/.(2''+2r(B)> /.r(B) ^ 11. 

+ / / ^H^ir'imf^mAsWi-- 

J2kr{B) Jo ^ 
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To estimate h, note that p{2^+'^B \ 2^B,B) = (2^ - l)r{B) < 1, since we are 
assuming that 2^r{B) < 1. Using fl6.6p and (Ek,a); we then obtain 



sJ \2''r{B) J t " s 

\ 2/3+2(5 

) >■ 



riB) ^2Mi?) ^ 2/3-35 / t V^^'Ut .ds 



tJ \2''r{B) 

<||^||2^(2-(2,+2.).^2-(2,-3.).)p||2^ 

< ||j||2 2-(2/3-K-3<5)fcgA2'=+V(i?)^(^2'=+25)-l 

< \\f\\l2-('^-^--''^''f^{2''^'Br\ 

where 2^r{B) < 1 was used in the final inequahty. We also obtain 

~t) "^^"^TT 



s 



h<\\f\L / (7) P^"' 

J2'=r(_B) Jo 



r{B) / ^ \ 2/3-3.5 



ds 



The bounds for Ji and I2 show that 

< ||/||oo2-(^^— ^^)^/V(2'^+^i?)-^ 
which proves (El) with = 2-(2/3-''- 35)^/2^ gj^ce 2/3 - k - 35 > 0. 

Proof of dniSD. Suppose that A; G N. If belongs to Ti((A; + \ T^{kB*), 

then X belongs to {k + \ (A; — 1/4)5*, since the radius r{B*) e [4, 8]. Also, since 
r{B) < r{B*)/A, we have 

p{{k + 1)5* \{k- \)B\ B)>{k- \)r{B*) - r{B) > max{l, kr{B*)}. 

Using (16. 6p . (16. 7p and (Ef^^x), we then obtain 

min{f,f}-1l(,+i)^,\(,_i/4)i..(^,/^,)(I))^||^-- 

< ||^||2^,-2a(./C.C,.)Mi^-) / / ^2/3+2.dt||^^||2d. 



s 

l'{r{B)) pI 28-35 Af Aq 

Jo J s t s 

<||;||2^e-^a(./C.C,.)Mi^')^^(^)^2/3-3.p||2^ 

^ ||/||Le"'"^'/^^^'^''-^'''^''*V(5)X5)-^ 
^ ||/||Le"^'"^'/^^^''''-^~^^'''^^*^A;X(A; + l)5*)-\ 
This shows that 
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which proves (ESI) with = e-^^^^'/^^^o--^-^^'' , since 2a{r/CvC0^r) - A > 0. □ 

Lemma 6.4. Under the assumptions of Theorem 16.21 there exists c > such that 
||7^^'^y4||^i^ < c||/||oo for all A that are t^-atoms. 

Proof. Let A be a t^-atom. There exists a ball 5 in M with radius r{B) < 2 such 
that A is supported in T^{B) and \\A\\i^2 < Define the ball B* with radius 

r(5*) e [2,4] by 

'2B if 1 < r{B) < 2; 

{2/r{B))B if r{B) < 1 

and associate B* with the characteristic functions 1^ defined by 



B* 



1* 



if k = 0; 
'^(k+2)B*\{k+l)B* if A; = 1,2,.... 



Let Al = IIP/'^A, so we have sppt C (A; + 2)B* and V^'^A = 'ZT=o^k- We 
prove below that there exist c > and a sequence (A^)^ in both of which do not 
depend on A, such that 

(6.8) \\Alh<c\\fUXlf,{{k + 2)B*)-''. 

The result then follows from Theorem 14. 6[ 

To prove (16.81) . choose a as in the proof of Lemma [6.31 Proposition 15.51 applied 
with T = k/2 then shows that 

for all s G (0, 1] and closed subsets E and F of M. Now note that if A; > 0, then 
p{{k + 2)B*\{k + 1)5*, B) = {k + l)r{B*) - r{B) > kr{B*). 



Using (Ek,a), we then obtain 



I i* ||2 _ / 1 * 

M 







sh-H(l)f^s)iV)As— 
s 



2 



d/i 



- ds 
<r{BY / s-^\\ll{ct^m{V)A£,- 
Jo s 

< ||/||Le"'"^'/^^^'^-^^'''^^*V(B)"P||2 2 

< ||/||Le"^'"^''/^^^''''-^~^^'''"^^*^A;X(A; + 2)B*)-\ 

which proves (EHD with A^ = e-(2<^('^/^^'^''.'-)-^)'=. □ 

Lemma 6.5. Under the assumptions of Theorem 16.21 there exists c > such that 
ll'^"'^'^^!!*! ^ c||/||oo for all A that are L^-atoms. 

Proof. Let A be an Z/^-atom. There exists a ball B in M with radius r(^B) > 1 
such that A is supported in B and \\A\\2 < iJi{B)~^^'^. In view of Remark 14.71 and 
Theorem 14.61 however, it suffices to assume that r{B) = 1. In that case, associate 
B with the characteristic functions Ik defined by 

1ti(b) if A; = 0; 

lTi((A:+l)B)\Ti(fcB) if A; = 1, 2, ... . 
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Let Ak = IkV/'^A, so we have sppti^ C T\{k + 1)5) and P^^'^A = Er=o^fc- 
We prove below that there exist c > and a sequence {Xk)k in both of which do 
not depend on A, such that 

(6.9) \\Ak\\Li<c\\f\\^\kf^{{k + l)B)-K 

The result then follows by Remark 13.51 

To prove (16.91) . choose 6 and a as in the proof of Lemma I6.3[ Proposition 15.51 
applied with a = 6 then shows that 

\\1eM4>){V)1f\\ < ||/||oot'e-'^('^/^-^«-)''(^'^) 

for all t G (0, 1] and closed subsets E and F of M. Now note that if > 1 and {x, t) 
belongs to T^{{k + l)B)\T^{kB), then x belongs to {k + l)B\{k-l)B, since t < 1 
and r{B) = 1. Using (E^^a), we then obtain 



\Mh = / \\lkM^)iV)A\\l 



dt 
T 



< ll/llLe-2'^(^/^-^«-)^ i\''-\\A\\' 



Jo 

^ ||/||Le"^'"^'/^^^''''-^~^^'A;X(A; + 1)5)-^ 
<||;||2^e-(^'^(^'/^-^''-)-^)'=/V((A; + l)i?)-\ 

which proves with = e-(2<*('^/^f ^f-)"^)^'/^. □ 

Lemma 6.6. Under the assumptions of Theorem 16.21 there exists c > such that 
\\Vf'A\\Li^ < c||/||oo for all A that are L^-atoms. 

Proof. Let A be an L^-atom. As in the proof of Lemma 16. 5[ it suffices to assume 
that there exists a ball B in M with radius r{B) = 1 such that A is supported in B 
and \\A\\2 < n^B)^^^"^. Associate B with the characteristic functions 1^ defined by 



L2B 



if k = 0- 



l(fc+2)B\(fc+i)B if A; = 1, 2, ... . 
Let Ak = IfcT^^'^A, so we have spptAfc ^ {k + 2)B and V-^''^A = YlT=o^k- As 



m 



the proof of Lemma [6.41 it is enough to find c > and a sequence {Xk)k in both 
of which do not depend on A, such that 

(6.10) \\Ak\\2<c\\f\\^Xkfi{{k + 2)B)--^. 



Choose a as in the proof of Lemma [6^31 Using Proposition 15.51 and (E^^a), we then 
obtain 

WAkh < ||/||ooe-'^(^/^-^^-)1|A||2 < ||/|Ue-(^'^(^/'^-^«-)-^)^/2A;'^/V((^ + 2)5)-^ 
which proves (16301) with = e-(2'^(^/^i'^«.'-)-^)'=/4. □ 
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7. Local Hardy Spaces h^{AT*M) 

Throughout this section, let k,X > and suppose that M is a complete Riemann- 
ian manifold satisfying (Ek,a)- Also, let u G [0, 7r/2) and R>0 and suppose that V 



is a closed densely-defined operator on L^{AT*M) of type Suj,r satisfying hypotheses 
(Hl-3) from Section [5] with constants Ce^r > and Cv > 0, where Ce^r is defined for 
each 9 G {u, 7r/2) and r > R. 

The $-class of holomorphic functions is introduced to prove a variant of the 
Calderon reproducing formula. This allows us to characterise L^(AT*M) in terms 
of square functions involving the operators ^ and from the previous section, 
where is restricted to the $-class. We combine this with Theorem 16.21 to define 
local Hardy spaces of differential forms h^{AT*M) for all p G [1,cxd] in terms of 
square functions and a retraction on the space t^(AT*M x (0, 1]) © L^(AT*M). In 
what follows, we only consider spaces of differential forms and usually omit writing 
AT*M and AT*M x (0,1]. 

Definition 7.1. Given G (0,7r/2), r > and /3 > 0, define $^(5e°„) to be the set 
of all (j) G 6^(5*^^) with the following properties: 

(1) For all z in S^^, (piz) ^ 0; 

(2) mU^n?\(l>iz)\^0; 

(3) sup,>i \<Pt{z)\ < \<P{z)\ for all z in S^, \ D^. 
Also, let<l>{Sl,) = [j^^,<l>^{Sl,). 

For example, if ^ G (0, 7r/2), < r < y/a and /3 > 0, then the functions e~^^^+", 
and {z"^ + a)~^ are in ^^{Sg^). We now require the following version of the 
Calderon reproducing formula. 

Proposition 7.2 (Calderon reproducing formula). Let 6 G {u,tt/2) and r > R. 
Given a, f3,'y,a,T,v > and nondegenerate ip G ^^ai^or) 4> ^ ^'^{Ser)^ there 
exist i> G ^;(^e,r) and G 6^(5^ J such that 

(7.1) / Mz)Mz)j + Hmz) = ^ 



10 



for all z G S?,. Moreover, we have 5^ - = = / on L^. 



Proof. Given / G H^{Sl^), let /_(^) = /(-2) and /*(^) = /(z) for all z G 
Choose integers M and so that 4M > max(^, |) + 1 and 4M/3 + (4A^ - 1)7 > v. 
Let c = |V'(t)^(-t)|2^^|0(t)0(-t)|2^ f and define the functions 

V; = c-V*'"'(^>-O'''(00*0-0-)'^ and 0=i(^l-^'vi,V'ty 

in which case fmj) is immediate and G (4Mll)('^e,r) ^ ^al'^e.r)- The function 
is holomorphic on 5*^,, by Morera's Theorem, since 0(z) 7^ for all z G 5*^,,, 
and bounded on Z)°, since inf^g^o |0(2;)| 7^ 0. A change of variable shows that 
il)t{x)il)t{x)^ = 1 for all X G R \ {0}, and since z ^ ipt{z)ipt{z)Y is holomor- 
phic on Sg, we must have ipt{z)ilJt{z)Y = 1 for all z G Sg. It then follows from 
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property in Definition 17. II that 

t>i mz)\ Ji t 

for all z e S^, so e Q^'iSl^). 

The last part of the proposition follows from holomorphic functional calculus, 
since V satisfies (HI) and (H2). Further details are in Lemma 2.9 of [39]. □ 

Given ip e "^{Sg^^) and G ^{Sg^^), since V satisfies (HI) and (H2), the main 
result of [22] shows that the local quadratic estimate 

(7-2) ll^lh ~ ||Qj,0^^||L2eL2 

holds for all u G L^. There also exists ip G \E'(S'g^) and G 9(5'^^) such that 
S^^Q^^ = / on L2 by Proposition Ol This shows that = S^^^{Ll © L^) with 

(7.3) ||n||2 ^ inf{||f/|U2^i2 : f/ G © and u = 5j^f/} 

for all u & L"^, since both iS'^ , and Q'? 7 are bounded operators. These characterisa- 

1/1, (p i/;,(p 

tions of help to motivate our definition of the local Hardy spaces. In particular, 
we define by replacing Ll © with t'P © in fl7.2p and (17.31) . and suitably 
extending the operators Q^^^ and S"^^^- 

There is a fundamental difference here from the Hardy spaces in [7]. The re- 
producing formula used to define is based on selecting ip and ip in ^(•S'g) such that 
/o°° '^t{z)'ipt{z)Y = 1 for all 2; G S'g. The decay of the \E'(S'g)-class functions near the 
origin implies that %IJt{D)ipt{D)Y = PrIdJ: where Pr(^ denotes the projection 
onto the closure of R(-D), as given by the Hodge decomposition = R{D) © N(D). 
This leads the authors of [7] to define Hj) to be R(-D). Identity (17.11) . by contrast, 
holds on a neighbourhood D° of the origin as well as on the bisector 5*^, and since 
the $-class functions are nonzero at the origin, we get -Q^ = I on all of L^. The 
local Hardy spaces are therefore not subject to the null space considerations that 
one encounters with the Hardy spaces. In fact, we show that can be identified 
with L^. 

We now define an ambient space in order to have C h%, for all p G [1 , C)o] . 
This requires that we recall the results concerning the spaces + and + 
in Corollaries 13.111 and 14. 1 ll 

Definition 7.3. Let 9 G (a;,7r/2), r > R and /3 > k/2 such that r/CvCe,T > A/2. 
Fix 7] G ^^(5'g ,.) and G $'^(5'g J satisfying 

for all z G Sg,^. The ambient space /i^ is defined to be the abstract completion of 
under the norm defined by 

for all M G L^. This provides an identification of with a dense subspace of h^. 
The functions rj and (p remain fixed for the remainder of this section. 
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To check that || • ||^o^ is a norm on L^, suppose that llwH/iO^ = for some u E LF' . 
It follows that Q^j^u = 0, and since Q^^m G LI Q) L"^, the equivalence in (17. 2p 
guarantees that -u = 0, as required. 

The following result allows us to define the local Hardy spaces. 

Proposition 7.4. The operators and iS^^ have bounded extensions 
and 

such that S^^^Ql^ = I on hi, the restriction Q^^^S^^ : ® V% ^ tP ® is 
bounded for each p e [1, oo), and the restriction : © © is 

bounded. 

Proof. We immediately have 

WrP II — II II 

for all u E L^, and since is identified with a dense subspace of h^, the bounded 
extension exists. 

It follows from Theorem 16.21 that Q'^,„Sj!',„ has a bounded extension from © L^a> 

to tP(BL^^ for each p e [1, oo], and hence from i°^®L'^ to i°°(£)L^ as well. Moreover, 
the extensions coincide with a single bounded operator 

P : (t^ + n © (L^ + L^) ^ (t^ + t-) © (L^ + L^) 

such that the restriction of P to © coincides with the extension of to 
© for each p G [1, cxd), and the restriction of P to t°° © L'^ coincides with the 
extension of Q^<^5^<^ to i°° © L^. Therefore, we have 

for all U G t'^ ® L%, and since ig dense in {t^ + © (L^ + -f'l) by 
Corollaries 13.111 and 14.111 the bounded extension exists. 

It follows that iS^^Q^^ is bounded on h^,. The formula S^^^Q^^^ = I holds on 
by Proposition 17.21 so by density S'^^^Q^,^ = I on hi. 

It also follows that is bounded on {t^ + © (L^ + ^^), and that 

Qj^^^J^ = p on {tP n t^) © (L^ n L%) for p G [1, 00), and on n t^) © (L^ n L%). 
Now suppose that p G [1, cxd) and that u G tP(Bl^%. There exists a sequence in 
(tP n t^) © (L^ n L%) that converges to m in © by Propositions O and El The 
continuity of the embedding t^QlF^ C (t^ + t°°)©(L^ + Z^), which is a consequence 
of the interpolation in Corollaries 13.111 and 14. IH then implies that 

\\Vu - Q^^^5^^^u||(ji_^_joo)^(ii^+£^) 

< \\V{U - Un)\\tv(sL% + " II (ti+t-)©(L^+Lg) 

for all n G N. Therefore, we have Q^^^S^^^ = V on ® LF^ for all p G [1, 00). We 
also have = V oni^ ®L'^ by the density properties in Corollaries 13.111 and 

14.111 so the result follows. □ 

We now define the local Hardy spaces. 
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Definition 7.5. For each p G [1, oo), the local Hardy space consists of all u & 
with 

||m|U^ = \\Q^,^u\\tp®L% < oo. 

For p = oo, the local Hardy space space consists of all u E hj^ such that Q^^^u G 
© with 

The dual of h]~, should be identified with a bmo type space, as in the classical case 
in [2S]- To construct the ambient space h^, however, we used the closed subspace 
i°° © of t°° © L^. This suggests that can only be identified with a closed 
subspace of the dual of h]^. Therefore, we do not denote by bmoD and we 
postpone the construction of an appropriate bmoD space to the sequel. Note that 
we do identify the dual of for all p G (1, oo) in Theorem 17. Ill below. 

The local Hardy spaces are Banach spaces for all p G [1, oo]. To see this, suppose 
that p G [1, oo) and that (m„)„ is a Cauchy sequence in h^. Then there exists 
t> in © such that \imn\\Q^,^Un — "wHtpei^ ~ 0- Moreover, the embedding 
t^(BL%C {t^ + i^)(B{L% + L'^) implies that lim„ || Q^^^n - ^||(ii+ioo)e(L^+Lg) = 0, 
and hence that there exists u in such that lim„ \\un — u\\hO^ = 0. Therefore, we 
have Q^^^u = f G © L^, which implies that u E and that lim„ \\un — m|Up, = 0. 

The proof for p = oo is the same but with i°° © L'^ instead of © L^. 

The definition of the ambient space allowed us to identify with a dense subspace 
of h^. It now follows from (17.21) that C h'jy under this identification. In fact, we 
have = /i^ under this identification by (17.31) and the following proposition, which 
gives an equivalent definition for h^. 

Proposition 7.6. If p G [1, oo), then = © L%) and 

WuUr^ ^ inf{||^||,,eL^^ :UEt^®L%andu = S^^^U}. 

If p = oo, then the above holds with i°° © instead of t'^ © L^. 

Proof. Suppose that p G [l,oo). Proposition 17.41 shows that S^,^Q^^^ = / on hj^, 
and that the restricted operators 

Ql^ : hi ^ tP ® L^^ and S^^^ : (B L% ^ 
are bounded. Therefore, we have h^, = S'^^^iiP © L^) with 

for all V etP®L% satisfying u = S^^^V. 

The proof for p = oo is the same but with © instead of © L^. □ 

This leads us to the following density properties of the local Hardy spaces. 

Corollary 7.7. For all p G [1, oo] and q G [1, oo), the set h^, fl is dense in /i^. 
Moreover, for all p, g G [1, oo), we have /i^ n /i^ = n t«) © (L^ n L%)). This 

also holds for p = oo but with and instead of and L^. 
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Proof. If p,q E [1, oo), then = S'^^^iiP © L^) by Proposition 17.6^ so the density 
of hj^ n h'^p in follows from the density properties in Propositions 13.31 and 14. 4[ 
If p = oo, then the result follows from the density properties in Corollaries 13.111 
andEU 

If p, g G [l,cx3) and u E Ci h!^, then by the reproducing formula in Proposi- 
tion [Till "we have 

since G (t^ n f^) © (L^ n L^). If p = oo, then this holds with t°° and 

p 



instead of and L^, which completes the proof. □ 



The interpolation results for the local tent spaces and the spaces LFq allow us 
to interpolate the local Hardy spaces. 

Theorem 7.8. If 6 E (0, 1) and 1 < < Pi < oo, then 

where 1/pe = (1 ~ ^)/Po + ^/Pi and [-, -Jg denotes complex interpolation. 

Proof. The interpolation space [h^,h^]g is well-defined because it is an immediate 
consequence of Definition 17.51 that C hjy for all p G [1, oo]. 
Suppose that pi G (l,oo). Theorems 13. 101 and 14.101 show that 

[tP« © L;^«, © L5]e = tP<> © L^^ 

Proposition 17.41 shows that the reproducing formula S^^Q^^^ = I holds on h^, and 
that the restricted operators 

Ql^ ■■ hi ^ (B L% and S^^^ : t^ ® L% ^ h^ 

are bounded for all p G [1, oo). It follows by Theorem 1.2.4 of 07], which concerns 
the interpolation of spaces related by a retraction, that Qj^ : [h^, hl]g tP" ® L^J 
is an isomorphism onto the subspace 

for all po G [l,pi), where the equality is given by Proposition 17.61 The reproducing 
formula then implies that [h^, h^jg = K^. 

The proof for = oo is the same but with © instead of t^^ © , and it 
relies on Corollaries 13.111 and 14.111 □ 

The next result is an application of the interpolation of the local Hardy spaces. 

Lemma 7.9. Let G (w, |), r > and /3 > k/2 such that r/CvCe^r > A/2. For 
each x/j G ^^(5*^,^, G ^/^l^^^J, (j) G e'^iS^^) and G 6(5^ J, the following hold: 

(1) The operators Q^^^ and S'^^ have bounded extensions Q^^^ : /i^ — )■ © 
and ^l^^ -.tP^L^^hl for all p G [1, 2]. 

(2) The operators ^ and 5^^^ have bounded extensions ^ : /i^ — )■ © 
and iS^0 : © — )■ /i^ for all p G [2, oo). This also holds for p = oo but 



with © instead of © L^. 
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Proof. lfueh\,r] L\ then Q^^^u e {t' n t^) © {L]^ n L%) and u = S^^^Q^^u, so by 
Theorem 16.21 we have 

\\Q^,(f>'^\\t^®L]^ = II 2^,(/)'5^ip2^(/3^lltiei^ ~ ll'^IU^,- 

The set h]^ n is dense in h\y by Corollary 17.71 so the bounded extension Q^^^ 
exists for p = 1, and hence for all p G [1,2] by interpolation. 
If t/ e (t^ n t^) © (LJ^ n L%), then by Theorem [6l2] we have 

ll'^|,0^ll/i^ = ll2j^v''^f,0^llt^eLi<2 ~ l|f^lltieLi<g- 

The density properties in Propositions 13.31 and 14.41 then imply that the bounded 
extension 5^- exists for p = 1, and hence for all p G [1,2] by interpolation, which 

proves (1). The proof of (2) is similar. □ 

This allows us to construct a family of equivalent norms on the local Hardy spaces. 

Proposition 7.10. Let 9 e {to, r > R and (3 > k/2 so that r/C-DCe^r > A/2. 
For each ip e ^''(^eJ, ip G ^/3(5^ J, E $^(^5° J and E the following 

hold: 

(1) The extension operators from Lemma [7.91 satisfy = S'^ ^{V © V^) and 



WWhl ^ \\Q^,^u\\tv!sL% ^ _inf ||f/||tPeLP, 



w,4> 



for all u E and p E [1, 2]. 
(2) The extension operators from Lemma [T!9] satisfy = S'^^^iiP © LFq) and 

||m|U,P ~ IIQJ TWllipgjJ^P ^ inf ||t/||tP©LP 

for all u E and p G [2, 00). This also holds for p = 00 but with Q) L 
instead of ©L^. 



00 



Proof. Suppose that p E [1, 2]. Proposition 17.21 shows that there exists ip' E ^/3(5'g r) 
and 0' G 0(S'g ,^) such that S'^, ^^,01'^^^ = I on L^. Lemma [7^ then shows that 

for all M G /i^ n L^, so by density we have ||m||/iP^ ^ II 2^,(/>'"lltpeL^ ciU u E h^. 
There also exists V^' G ^^(S"? ) and 0' G 6^(5.%) such that . = / on 

h^nL'^, so by density we have SV _ = I on fit,. It then follows from Lemma [7^ 

that/i?, = 5|_^(t^'©L^). 

Now suppose that u E h^, in which case u = SV _ u and there exists V in 

© such that M = S^^^V and ||l^||fP©L^ < 2inf„^5i,^^ ll^lltpei^- Lemma [73] 
then shows that 

inf ||f/|kpeL^^ < l|Q|,^,«lk.eL^^ < hlU^ = ll'^f^^V^IU^^ < 2 inf \\U\Ul%, 
which completes the proof of (1). The proof of (2) is similar. □ 
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All of the equivalent norms on are denoted by || ■ ||/^p . As an example, recall 
the Hodge-Dirac operator D and the Hodge-Laplacian A = from Example 15.21 
If /3 > K,/2 and a > then by recalling the $-class functions listed after Defini- 

tion [7!T1 we have 



tVA+a/,,|| j_ ii^-VA+a/, 



~ \\tD{t^A + aiy^uWtP + ||(A + a/)~^M||iP 

for all u E and p G [1, oo], where the operators are initially defined on and 
extended to h^. 

Finally, the duality results for the local tent spaces and the spaces allow us 
to derive a duality result for the local Hardy spaces. 

Theorem 7.11. If p G (1, oo) and 1/p + 1/p' = 1, then the mapping 

for all u E and v G /i^,, is an isomorphism from h^, onto the dual (h^)* . 
Proof. Using Theorems 13.91 and 14. 8[ we obtain 



\v\ 



for all u E and v E h^,, since Q^^^pU G © by Definition 17. 5^ and is 
in tP' © by Proposition mUl 

Now suppose that T G (h^)* and define f G (t^ © L%)* by 

f{V) = T{Sl^V) 

for all V E fP ® Vcg. It follows from Theorems 13.91 and 14.81 that there exists Ut in 
t^' © such that \\Ut\\^,>^lv^ - and r(V^) = {V, Ut)lI®l^ for all V Et^® L%. 

The reproducing formula = /, which is valid on by Proposition I7.4^ 

then implies that 

for all u E h^. If Ut E {t^' n t^) © (L^ n L|), then since (Qj;^)* = on t^ © L| 

and (i^^i^)* = Q^**^. on L^, we obtain 

for all u E flL^. If Ut E t^' ® L^, then the density properties in Propositions 13.31 
and 14.41 imply that the above result extends to 

for all u E h^, and by Proposition 17. lUl we have S^S^^Mt E h^, with 

where the last inequality follows from Proposition 17. 6[ 

Finally, to prove injectivity, let v E /i^* and suppose that {u,v)f^2^ = for all 
u E h^. It suffices to show that v = 0. Define iiV) = (V, Q'^*^^*v)lI®l2 for all 
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V etP® L^, in which case £ G (t^ © L^)* with ||£|| ^ WQ^'.^^^Wtv' ~ 
since Q^,*^*f G t^' © L^. Using the reproducing formula and duahty, we obtain 

for all y G © L^, since Proposition 17.61 implies that S^^^V G H^. Altogether, we 

have ||f ~ Hi*!! = 0, hence t> = as required. □ 

ftp, 

7.1. Molecular Characterisation. We prove a molecular characterisation of h\y. 
The Hardy space H]~, from [7J is characterised in terms of if^-molecules, which are 
differential forms a that satisfy a = D^b for some differential form b and N & N. In 
contrast to atoms, molecules are not assumed to be compactly-supported. Instead, 
the L^-norms of a and b are concentrated on some ball. The condition a = D'^b is 
the substitute for the moment condition required of classical atoms. The molecular 
characterisation of /i^ proved here involves two different types of molecules, reflecting 
the atomic characterisation of /i^(M") mentioned in the introduction. The first kind 
are concentrated on balls of radius less than 1 and are of the type used to characterise 
Hjj, whilst the second kind are concentrated on balls of radius larger than 1 and are 
not required to satisfy a moment condition. 

We use the following notation to specify the L^-norm distribution of molecules. 

Notation. Given a ball 5 in M of radius r{B) > 0, let lk{B) denote the charac- 
teristic function defined by 



1b if k = 0; 

l2'=B\2'=-iB if k = 1,2, 



Definition 7.12. Given G N and g > 0, an h\y-molecule of type {N,q) is a 
measurable differential form a associated with a ball i? in M of radius r{B) > 
such that the following hold: 

(1) The bound \\lk{B)a\\2 < exp{-q2''-^r{B))2-''fi{2''B)~^/^ for all k > 0; 

(2) If r{B) < 1, then there exists a differential form b with a = V^b and the 
bound \\lk{B)b\\2 < r{B)^ exp{-q2''-^r{B))2-^ fi{2''B)-^/^ for all A; > 0. 

If a and b are as in Definition 17. 12[ then a and b are in L"^ = h'^ ^ h% with 

oo 

(7.4) ||a||2 < \\lk{B)ah < 26'"^^''^' f,{B)"^ 

k=0 

and 

(7.5) ||6||2 < 2r(5)^e-5'^(^)/V(5)"^- 

Condition (2) is obviated in Definition 17. 121 when r{B) > 1, so we set = in that 
case. We will see that q is related to the exponential growth parameter A in (E^.a), 
and that we can set g = when M is doubling, since then A = 0. Given 6 > 1, 
note that the results in this section also hold for /z^-molecules defined by replacing 
2^ and 2~'^ with 5^ and 6~'' in Definition 17.121 

Definition 7.13. Given A^ G N and q > 0, define h]^ moi(Af g) ^'^ space of all u 

in for which there exist a sequence {Xj)j in and a sequence {aj)j of /i^-molecules 
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of type (A^, q) such that Xja^ converges to u in h^. Moreover, define 



' " r>,mol(JV,q) 



for all u e 

The following is the molecular characterisation of h]-,. Theorem 11.31 follows from 
this result in the case of the Hodge-Dirac operator by Example 15. 2[ 

Theorem 7.14. Let k, A > and suppose that M is a complete Riemannian 
manifold satisfying (E^^a)- Suppose that V is a closed densely-defined operator on 



L'^{AT*M) satisfying (Hl-3) from Section\E If N E N, N > k/2 and q > \, then 

"■V — "'V,mol{N,q)- 

Proof. Fix G N and g > 0. Let %p and be the functions from Lemmas 17.151 and 
17.161 below. Suppose that u E h]~, C h^. Proposition 17.101 then implies that there 
exists {V,v) et^ such that u = 5|-(V,?;) and \\iV,v)\\ti^Li^ < ||m|Ui,. Also, 

by Theorems 13.61 and 14.61 there exist a sequence {Aj)j of t^-atoms, a sequence {aj)j 
of L^-atoms and two sequences and in such that 

j j 
where these sums converge in t^ and L^, respectively. Moreover, we can assume 
that ||(Aj)j||£i < ll^llti, ||(Aj)j||fi < IklU^ ^^^^ t)y Remark [4.71 that each L;^-atom 
aj is associated with a ball of radius equal to 1. Therefore, we have 



u 

where the sum converges in and hence also in /i^, because Proposition 17.101 
implies that 

for all n G N. It follows from Lemmas 17.151 and 17.161 that u E h\j ^^^^j^ , and since 

^IU|,5 have shown that /i-p C hj^^^-^^j^^^y 

We prove the converse in the case A^gN, A^>k/2 and q > X. Let ip and be 
the functions from Lemmas 17. 1 71 and 17.181 below. Suppose that u G h]^^oi{Nq) — ^v- 
There exist a sequence {aj)j of /i^-molecules of type {N,q) and a sequence {Xj)j in 

such that Xjttj converges to u in h^. It follows from Proposition 17.101 and 
Lemmas 17. 171 and 17. 181 that J2j=i ^j^j is in with || Ej=i '^j(^j\\h]y ^ Ej=i \ 
all n G N. Therefore, there exists v in such that Ylj converges to v in h\y, 
and hence also in hjj. This implies that m = f G /i^, so by Proposition 17. 101 we have 

for all n eN. It follows from Lemmas 17.171 and 17.181 that 

\\u\\h\, ~ \\Q'^,<pu\\ti^L]^ < J2j ^j\\iM'^)ajA(P)aj)y®L\^ < ll(Ai)il|^i, 
which shows that /^jj rnoi(Af 5) — 1^ 
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We now prove four lemmas to construct the functions ipy 05 4' that were 
used to prove Theorem 17.141 

Lemma 7.15. Let 6 G (w, |), r > i? and /3 > k/2 such that r/CvCe^r > A/2. For 
each iV e N and q >0, there exist c > and ip G \l//3(5'g^) such that 

7 . dt 

is an /i^-molecule of type (A^, q) for all A that are t^-atoms. 

Proof. Let A be a t^-atom. There exists a ball B in M with radius r{B) < 2 such 
that A is supported in T^{B) and ||A||l2 < Choose f so that f > r and 

f/CjyCe^f > A + g. Also, choose ^/^ in \E'/3+Ar-|_i(5'g in which case ip G \E'/3(S'g^). 

Next, define ipi^) = -2~^'0(-2); in which case ^ ^/s+il'S'e and 

' dt „^ / /-^^^ . dt 



It remains to prove that there exists c > 0, which does not depend on A, such that 
(T.6) (^1^' ij,(V)A,j^ h < ce-''2'^-^'^(^)2-V(2'=5)-^ 

for all A; > 0, and that if r{B) < 1, then 

(7.7) 111,(5) (^l\^^,{V)A,j^ h < cr(i?)^e-^2-MB)2-fc^(2fc5)-| 
for all A; > 0. 

Now, since /3 > k/2 and r/C-riCg^f > A + g. Lemma 15.41 implies the following 
estimates: 

(7.8) ||1^^,(P)1^|| < (t/p(E,F))t+ie-(^+'')''(^'^); 

(7.9) \\1eUi^)1f\\ < (t/p(i5,F))t+ie-(^+'')''(^'^) 

for all t G (0, 1] and closed subsets E and F of M. 

We now prove fl7.6p . If A; = or A; = 1, then by (17.31) and r{B) < 2, we have 

||U(5)^^.(myjlh<PIU^<j^_,.(.^^^^^^^^^ .f k^l. 

If A; > 2, then 

p{2^B\2^-^B,B) = {2^-^ - l)r{B) > 2^r{B) 
and /x(2'=5) < 2'='^e^(2'=-i)r(B)^(^^)^ gi^^^g ^(^^^ < 2, we have 

/ /"^ ~ dt\ /■'■(^^ ~ dt 



<g-,2'=-iKB)2-fc^(2'^5)-|_ 
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We prove fl7.7p similarly. If A; = or A; = 1, then we have 
WMB) (^J^'^Umtj^ h<r{Bf\\A\\,. 



< 



r{B) 



N 



o-Qr[B)2-i^(2B)-^ if k = l. 



If A; > 2, then by ([73]) we have 



t\\2 ^ 



which completes the proof. □ 

Lemma 7.16. Let 9 e {to, r > R and /3 > k/2 such that r/Cj)Ce.r > A/2. For 
each N E N and g > 0, there exist c > and (p G ^{Sg^) such that c(t>{V)a is 
an /i^-molecule of type {N, q) for all a that are L^-atoms supported on balls B of 
radius r{B) = 1 with ||a||2 < jj,{B)~^^'^. 

Proof. Let a and B be as stated in the lemma. Choose f so that f > r and 
r/Cx>Cg^f > X + q. Also, choose (p in $(5*^^), in which case (j) G $(5*^^). Now, 
since r{B) = 1, it only remains to prove that there exists c > 0, which does not 
depend on a, such that 

\\lk{B)^{V)a\\2 < ce-''2'-'-(^)2-V(2'=5)-5 

for all k > 0. To do this, choose 6 in {0,r/CTiCg^f — {X + q)). Lemma then implies 
that 

(7.10) \\1e4>{1^)1f\\ < e-(^+5+'^)^(^'^) < (l/p(E,F))t+ie-(^+'?)''(^'^) 

for all closed subsets E and F of M. 

If = or A; = 1, then by (17. 3p . and since r(5) = 1, we have 

If A; > 2, then using (I7.10p and proceeding as in Lemma 17.151 we obtain 

\\UB)4>iV)ah < \\UBmV)lB\\\\ah < e-'^2-Mi^)2-V(2'=i?)-^ 
which completes the proof. □ 

Lemma 7.17. Let 9 G (to, r > R and (3 > k/2 such that r/CxiCe^r > A/2. For 
each TV G N, > k/2 and g > A, there exist c > and ip G '^'^{Sg^^) such that 
||'?/'t(X')a||ti < c for all a that are /i^-molecules of type {N,q). 

Proof. Let a be an /i^-molecule of type {N,q). There exists a ball i? in M of 
radius r{B) > such that the requirements of Definition 17.121 are satisfied. Let 
Cq{B) = C^{B) be the truncated Carleson box over B introduced in Section [3], and 
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let Cl{B) = C^{2^B) \ C^{2^-^B) for each /c > 1. As depicted in Figured! divide 
each C].{B) with the following characteristic functions: 



lci(B)lMx(0,r(B)]; 
lci{B) Imx {r{B),2^-^r{B)\ \ 
'^C\{B) Imx (2*-ir(_B),2'=r(_B)] ! 



SO we have Ir-i 



Cl{B) 



Vk + V'k + V'k and J2k '^cl 



LAfx(0,l]- 



4r(5) 

2r{B)- 
r{B)- 



V3 



V3 



V2 



V2 



Vo 



V2 



V2 



V3 



V3 



r{B)2r{B) Ar{B) 



M 



Figure 1. The division of C\{B) used in Lemma [7.171 for a ball B in 
M of radius r{B) < 1/4. 

Suppose that there exist ip G '^^{Sq^) and c, 5 > 0, all of which do not depend on 
a, such that the following hold for all > 0: 

(7.11a) \\r]uMT^)a\\Li < c2-^V(2'5)-^; 

(7.11b) ||r/;^^i(P)a|U2 < c2-'^^i{2^B)--2- 

(7.11c) h'MV)a\\Li < c2-^V(2'=i?)-i 

In that case, each {2^^ / c)lcif^B)''Pt{T^)0' is a t^-Carleson atom, and since 

oo 
k=0 



almost everywhere in M x (0, 1], Proposition 13.81 implies that il)t{'D)a is in with 
\\ipt{V)a\\ti <cY,'^^q2-^^ < 1. Therefore, it suffices to prove flTTTD . 

To prove (17.111) . choose f so that r > r and r/CvCe^f > A. Also, choose 6 in 
{0,(3 — k/2) and choose ip in ^|g^^(>S'g ,-), in which case ip G \E'^(S'g j,). Then, since 
/3 > k/2. Lemma F5.4I implies that 



(7.12) 



for all closed subsets E and F of M. 

We now prove fl7.11ap . If A; = 0, then by (17.21) and (17.41) we have 



ItjoMI^MlI < WMi^Mli < hh < KB)- 
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Now consider A; > 1. For each / G N, define /; by 

oo l.r{B)) 1, oo 

1=0 1=0 

If < / < A; - 2, tlien 

p{2^B\2^-^B, 2^B\2^-^B) = (2^^"^ - 2^)r{B) > 2^r{B) 
and p{2^B) < 2('=-')''e^(2*=-'-i)2V(i?)^(^2'S), so by (Tmil we liave 

priB) / + \ 2(f +5) 1 , 

Ii < I (^^) |e-^^(^^-^-^'M^)e-^'^(^)2-^V(2'5)-^ 

< 2-2'2-2^V(2''5)-\ 
If /c - 1 < / < A; + 1, then /i(2'=5) < e^'^'''fi{2^B), so we have 

J, < mmiiB)a\\l, < e-''2'^(^)2-2V(2'S)-i < 2-'' fi{2' B)-\ 
If / > A; + 2, then 

p{2^B\2^-^B, 2^B\2^-^B) = {2^-^ - 2^)r{B) > 2V(fi) 
and p{2^B) < fi{2^B), so by (TTT^ we have 

/z<y^ (^) f2-2'M2'5r^<2-^'2-^^V(2'=5)-^ 
Note that we needed q > X when < / < A; + 1 . This proves f lT.llal) , since now 

oo oo 

\\VkMl^)a\\l2 <J2li < 5^2-2'2-2^V(2'5)~' < 2-'''p{2'B)-\ 



1=0 1=0 



To prove (17.11bp and fl7.11cl) we only need to consider when r{B) < 1, otherwise 
v'k ~ Vk ~ 0- that case, there exists a differential form b such that a = V'^b, as 
in Definition 17.121 Define ip{z) = z'^iIj{z), in which case ip ^ "^NiSgf), where r >r 
was fixed previously so that f/CvCe,f > A. Now choose e in (0, iV — k/2). Then, 
since N > k/2, Lemma [5.41 implies that 

(7.13) II < (t/p(i?,F))t+^e-^''(^'^) < {t/piE,F)r 

for all closed subsets E and F of M. 

To prove (17.11bp . we only consider k >2, since otherwise = 0. For each / G N, 
define J; by 



\WkM'D)a\\l. < / \\lk{B)MV)UB)b\\l ^,=Y.Ji. 
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The proof proceeds as for Ii by using f l7.13p instead of fl7.12p . If < / < A; — 2, then 
since N — k/2 — e > and r{B) < 1, we have 



<^(5)2(^-f-^) r ^-2(iV-t-.)dt2-2Kt + l)2-2Mf+e-f)^(2*^5)-l 

< 2-2'2-2^V(2^5)-\ 
If/c — 1</<A; + 1, then since r(i?) < 1, we have 

Ji < r{By'''\\Ml^)h{B)b\\l, < e-«2''^(^)2-2V(2'B)-i < 2''^ fi{2'' B)-\ 
If / > /c + 2, then since — e > and r{B) < 1, we have 



Jr(B) ^ 



r{B) 

< 2~2'2-2^^^(2'=S)-\ 
Note that we needed q > X when < / < A; + 1. This proves fl7.11bp . since now 

To prove flT.llcl) . we only consider A; > 1 for which 2^^^r{B) < 1, since otherwise 
r/^' = 0. For each / G N, define Ki by 

The proof proceeds as for Ji. In fact, we only require the weaker estimate obtained 
by setting e = in fTTTaD . If < / < A; + 2, then /i(2'=5) < 2^''-^^^fx{2^B), since 
2''~^r{B) < 1, so we have 

Ki < {2^r{B))-^^\\^tiV)li{B)b\\l2 < 2-^^^'^+^^-^''^^'^^ ii{2^ B)-\ 

If / > A; + 2, then we have 

Ki < 2-2'(t+i) / ( ^ ) -fii2'B)-' < 2-2'2-2'=(^"t)^(2^'i?)-i. 

Note that we did not require q> \ here. This proves (17.1 Id) , since N > k/2 and 

now \W^^l^,{V)a\\l, < YZo^i < 2'^^^ - ^2)'^ ii{2^ B)-\ □ 

Lemma 7.18. Let e (to, r > R and /3 > k/2 such that r/CvCe,r > A/2. For 
each e N, > k/2 and g > A, there exist c > and G such that 

||0(r')a||£^i__ < c for all a that are /i^-molecules of type {N,q). 

Proof. Let a be an /i^-molecule of type {N,q). There exists a ball i? in M of 
radius r{B) > such that the requirements of Definition 17.121 are satisfied. Let 
B* = {l/{r{B)))B, so the radius r{B*) > 1. 
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Suppose that there exist (p G ^) and c, 5 > 0, all of which do not depend on 

a, such that 

(7.14) \\lk{B*)<piV)a\\2 < c2-^V(2'5*)-5 

for all A; > 0. In that case, each {2^^ / c)lk{.B*)(j){T>)a is an L^-atom, and since 

oo 

(t>{V)a = Y,U{B*)cl){V)a 

almost everywhere on M, Theorem 14.61 implies that ||0(X')a||£^i^ < c^^q2~'''^. 
Therefore, it suffices to prove (17.141) . 

To prove (I7.14p . choose f so that f > r and r/Cx>Co^f > X. Also, choose 6 in 
(0, f/C-DCg^r-X) and choose (p in $^+^(5'^ -), in which case G $^(5"^,.). LemmaEH 
then implies that 

(7.15) \\1e<P{V)14 < e-(^+^)^(^'^) < (l/p(i?,F))t+ie-^''(^'^) < {l/p{E,F)) 

for all closed subsets E and F of M. 

We now prove (17.141) when r{B) > 1, in which case B* = B. li k = 0, then by 
fTT^ and diH) we have 

\\lo{B)(j){V)ah < mV)ah < < /i(5)-i 
Now consider k > 1 and for each / G N, define J/ by 

oo oo 

\\lk{B)<p{V)a\\l < \\UB)<p{V)h{B)a\\l = J^//. 

1=0 1=0 

The proof proceeds as for Ii in Lemma 17.171 by using (17. ISp instead of (I7.12p . If 
< I < k — 2, then since r{B) > 1, we have 

\2 r[B) J 
Iffc — 1</<A; + 1, then we have 

/; < U{V)h{B)a\\l < e-'^2'^(^)2-2V(2'i?)-' < 2-''fi{2'B)-\ 
If / > /c + 2, then since r{B) > 1, we have 

/; < (^v|^)'2"'V(2'i?)-^ < 2-2'2-^V(2'B)-^ 

Note that we needed q > X when < / < A; + 1. This proves (17.140 when r{B) > 1, 
since now || l,(S)(/.(P)a||2 < J^^o^'i ^ 2'^'^ fi{2^ B)-K 

If r{B) < 1, then r{B*) = 1 and there exists a differential form b such that a = 
V^h, as in Definition 17. 12[ Define '4){z) = (j){z)^ in which case if) G \E'Ar(S'g ^), where 
f > r was fixed previously so that r/Cx>Cg^f > X. Now choose e in (0, iV — k/2). 
Then, since N > k/2. Lemma [5.41 implies that 

(7.16) < (l/p(i?,F))t+^e-^''(^'^) < {l/piE,F)Y 

for all closed subsets E and F of M. 

We now prove (17. 14p when r{B) < 1. If A; = 0, then by (17. 2p and (17. Sp . and since 
r{B) < 1 and > k/2, we have 

||lo(i?*)0(P)a||2 < ||^(I^)6||2 < r{Bfp{B)-'^ < r{Bf-^f,{BT'- < fi{B*r'^- 
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Now consider A; > 1. For each / G N, define /" by 

oo oo 

\\UB*)ct>{V)a\\l < ^ \\U{B*)ij{V)UB)h\\l = J^I'i'- 



1=0 



If 1 < 2' < 2'=-7r(fi), tlien 

p{2''B*\2''~^B*,2^B\2^-^B) = 2^-^ - 2^r{B) > 2^ 

and /i(2^E*) < (2'=-7r(fi))'^e^(2*"7'-(i3)-i)2'r(i?)^(^2'S), so tliat by fTTTUI) . and since 
r{B) < 1 and > k/2, we liave 

2( — I c) 

J// < ' g-2A(2'^--2'.(B))^(5)27V^-,2V(B)2-2/^(2'5)-l 

< 2-2«(f +l)2-2A:(f )^(^ ^^|2{iV-f )^A(-2''-+2'+ir(B)+2'=-2V(B)-2V(iJ))^(^2'= 

< 2-2'2-2^V(2*^'5*)"^- 

If 2^-^/r{B) < 2' < 2'=+Vr(E), then fi{2''B*) < e^^'''fi{2^B), and since r(5) < 1, we 
have 

< \\^{V)li{B)b\\l < r(B)'^e-'?2''-(^)2-2V(2'5)'i < 2-""^ i2{2^B*)-\ 
If 2' > 2'=+7r(5), then 

p{2''B*\2''-^B*,2^B\2^-^B) = 2^-^r{B) -2^>2^ 
and iJi{2^B*) < ^i{2^B), so that by fl7.16p . and since r{B) < 1, we have 



Note that we needed q > X when 1 < 2' < 2''+^/r{B). This proves (17.141) when 
r{B) < 1, since now \\lk{B*)(f){V)a\\l < YZo^i ~ 2-^'''fi{2^B*)-\ □ 

7.2. Local Riesz Transforms and Holomorphic Functional Calculi. We now 

prove the principal result of the paper, which is the local analogue of Theorem 5.11 
in [71. 

Theorem 7.19. Let k, A > and suppose that M is a complete Riemannian man- 
ifold satisfying (Ek,a)- Let u G [0,7r/2) and R> and suppose that V is a closed 
densely-defined operator on L^(AT*M) of type Si^j^r satisfying hypotheses (Hl-3) 
from Section\^ Let 9 G (a;,7r/2) and r > R such that r/C-riCe^r > X/2, where 
Cg^r is from (HI) and Cv is from (H3). Then for all f G H°°{Sg^), the operator 
f{V) on L'^{/\T*M) has a hounded extension to h^{AT*M) such that 

WfiT^Mk^^ < ll/lloolklU. 

for all u E and p G [1, oo]. 

Proof. If M G /i^ n L^, then Proposition 17.61 gives U E ® L^^ with S'^^^U = u and 
llf^lltieLi ^ 2||m||;j1 . Therefore, by Theorem 16.21 we have 



U hi 



for all M G h^n L^, and since h]^ fl is dense in h\, by Corollary 17. 7[ f(T>) has a 
bounded extension to /i^. The same proof with i°° © instead of © shows 
that fiV) has a bounded extension to h^. These extensions coincide on /i^ n h^, 
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since h]-, fl C /i^ = is a consequence of the interpolation of the local Hardy 
spaces in Theorem 17. 81 Therefore, the required extension exists by interpolation. □ 

Theorem 11.41 follows from this result in the case of the Hodge-Dirac operator by 
Example 15.21 which allows us to prove Corollary 11.51 

Proof of Corollary \1.5[ It was shown in Example 15.21 that D satisfies (Hl-3) with 
u = 0, R = 0, Cv = I and Ce,r = l/smO for all 9 e (0,7r/2) and r > 0. There- 
fore, Corollary 11.51 follows from Theorem 17.191 by choosing 6 in (0,7r/2) such that 
A/2 sin ^ < ^/a, choosing r in (A/2 sin ^, ^/a) and defining the holomorphic function 
f{z) = z{z^ + a)-V2 for all z E S^^.. □ 

Appendix A. The Atomic Characterisation of t^{X x (0,1]) 

The proof of Theorem 13.61 is an adaptation of [40j, which in turn is based on the 
original proof in [19] . For this, we introduce the notion of local 7-density. 

Definition A.l. Let A be a locally doubling metric measure space. Let F be a 
closed subset of X with O = and niQ) < 00. For each 7 e (0, 1), the points of 
local 'y-density with respect to F are the elements of the set 



o<r<i V{x,r) 



The complement of this set is denoted by = ^(-^iL)- 

Local 7-density can be understood in terms of the local maximal operator A^ioc 
from Section O For each 7 G (0, 1), the following hold: 

(1) FL is closed; 

(2) FL C F; 

(3) OL = {xeX\ Miocloix) > 1 - 7}; 

(4) MOD < MO). 

The proof of these properties relies on Proposition 12.91 and is left to the reader. 

The proof of Theorem 13.61 also requires the following lemma, which is adapted 
from Lemma 2.1 in 



Lemma A. 2. Let A be a locally doubling metric measure space. Let F be a closed 
subset of A and let $ be a nonnegative measurable function on A x (0, 1]. For each 
rj G (0, 1), there exists 7 G (0, 1) such that 

/ / Hy, t)Viy, t) d/i(y)dt < [ [[ Hy, t) d/i(y)dM/x(x), 

JjRl^^iKc) JfJJt^x) 

where R\_j^ and are defined in Section [31 

Proof. Fix rj G (0,1) and let 7 G (0,1) to be chosen later. For each {y,t) in 
R\-r,{FL): choose i G F^ such that {y,t) G T\^^{Cj. We then have 

li{FnB{i,t))>^V{i,t). 

Also, the condition p{C,,y) < (1 — ri)t implies that B{^,rit) C B{y,t). Therefore, 
we have B{^,rjt) C B{C,,t) fl B{y,t) and by Proposition 12.31 there exists G (0, 1), 
depending on 77, such that 

c,V{^, t) < V{i, vt) < /i(5(e, t) n B{y, t)). 
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Now choose 7 G (1 — c^, 1). The above inequaUties show that there exists C.^_^ > 0, 
depending on rj and the choice of 7, such that 

n B{y, t)) > fi{F n B{^, t)) - t) n t)) 

>(7-(l-c,))y(e,t) 

where the final inequahty follows from (|DiocD and B{y,t) C B{^,2t). 
Using the above inequality and Fubini's theorem we obtain 

< 



[[ ^y,t)fiiFnBiy,t))dfiiy)dt 
< [[ [ ^y,t) dfi{x)dfi{y)dt 

J JR\{F) JFnB(y,t) 



< ^y,t) dMdtdfi{x). 

Jf J Jr^{x) 

□ 

We now complete the proof of the atomic characterisation of t^. 

Proof of Theorem \3.6i . Let f Et^ and for each k E'L^ define 

Ou = {xeX\ ^ioc/(x) > 2^'} 

and Fk = ^Ok- The lower semicontinuity of A\ocf ensures that Ok is open. We also 
have /^(Ofc) < 2-^=11/11^1 < 00. 

Let rj G (0, 1) to be chosen later and let 7 G (0, 1) be the constant, which depends 
on ?7, from Lemma IA.2I Let F^ denote the set (-Pfc)^^ fro^^ Definition lA.ll and let 
01 = '^(F*). We then have Ok C 01 and /x(O^) < fi[Ok). 

First, we estabhsh that / is supported in Ufcez each G Z, we 
apply Lemma |Ai2] with = \f{y,t)\'^{V{y,t)t)~'^ and F = Ffc to obtain 

\f{y,t)\' d^T = II |/(l/,t)pdM2/)y 

< II |/(y,t)pd/i(i/)T 



< 



< 



\f{y,t)\ , . — d/i X 



lFi,{x){A\ocf{x)f dfi{x), 



where the final inequality follows from ( |DiocD , since if {y,t) G r^(x), then t <1 
and B{x,t) C B{y,2t). If is a negative integer, then pointwise on X we have 
iFMiocf? < Aocf and limk^-oclFMiocf? = 0, where Aiocf G ^^(X). There- 
fore, by dominated convergence we have 



lim / lF^^{x){Aiocf{x)y d/i(x) = 0, 
fc— 00 J 
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which imphes that / = almost everywhere on ^ (^j^^T^_j^{0*)^ , as required. 

Now we decompose / into t^-atoms. For each k E 1^, apply Proposition 12.81 with 
O = 01 and /i > to be chosen later. This gives a sequence of pairwise disjoint balls 
{Bj)j^fi^, where each ball = _B(a;^,r^) has radius = | min(p(a;*^/0^), /;.) and 
Jfc is some indexing set. It also gives a sequence of nonnegative functions 

supported in Bj = ABj such that J^jeh '^i ~ ^'^l' -^^^ each {y,t) in X x (0, 1], we 
have 

since either {y,t) G T^_^{01) \ Tj^_^(0^_,_ J, in which case y E 01 and we have 
^ie/fc ^^(y) = 1, or both sides of the equation are zero. Given that / is supported 
in Ufcez following holds for almost every {y,t) G X x (0, 1]: 

f{y, t) = f{y, t) J2 H'^,{o:)\Tl_^iou,){y, t) 
fcez 

(A.i) =Y.Y.f^y^^Wy)M^,ioi)\Ti,^ioi^,){y,t) 



where 



j 



and a > will be chosen later. 

Given that f E t^, the series in flA.ip also converges to / in by dominated 
convergence. The same reasoning shows that if / G flt^ for some p G (1, oo), then 
the series also converges to / in t^. It remains to choose the constants t] G (0, 1), 
h > and a > so that ( lA.ll) is the required atomic decomposition. 

First, consider the support of a^. If {y,t) G sppta^, then y G sppt0^ C ABj and 
we have 

(A.2) p{y, z) > p(xj, z) - p(xj, y)>{a- 4)rJ 

for all z G "(aB^). We also have p{y,^Ol) > (1 - v)t, since {y,t) G Tl_^{Ol). Now 
consider two cases: (1) If 8r^ = min(p(x^, "^O^), /;.) = p(x^,'^0^), then 

(1 - v)t < p{y. 'OD < piy, x)) + p(4, ^01) < VIt], 
so by flA.2p we have 

(A.3) p(i/,2;)>(a-4)(l-r/)t/12 
for all z G \(xB)); (2) If SrJ = min(p(x^^ ^O^), h) = h, then 
(A.4) p{y,z)>{a-A)h/8 
for all z G "(aB^). 
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Now choose G (0, 1), h > and a > such that 

(a -4)(1 -r7)/12 > 1, {a-4)h/8>l and ah/8 < 2. 

For example, set r] = 1/4, h = 1/2 and a = 20. It then follows from (1A.3I1 and 
(1A.4I) that p{y,^{aBj)) > t and so sppta^ C T^(aBj), where the radius of aBj is 
avj < ah/8 < 2. Also, it is immediate that ||aj||L2 = ii(aBj)~^^'^ and thus is a 
t^-atom. 

It remains to prove the norm equivalence. Using the support condition just proved 
and applying Lemma IA.2I with F = and 

gives 



dt 



{\^Yf^iaB^)-'< II my,t)\'dM 



{y,t)\f{y,t)\'dfi{y)- 



< 



fc + 1 



2 d/i(|/) dt 

r^x) ^ V{y,t) t 



'^T^aB'=)iy,'t)\f{y,'t)\'^ 



< / {Aocf{x)f d/i(x) 
J'^Ok+inaB'^ 

< 2^V(«5^). 

Furthermore, by ( |DiocD we have A^' < 2^fi{Bj), and since for each A; G Z the balls 
{Bj)j are pairwise disjoint and contained in 01, we obtain 

<^2V(0,) 



= V 2 / G X I Aocfix) > 2^}) dt 

< V / G X I ^ioc/(x) > t}) dt 



feez 



which completes the proof. □ 

Remark A. 3. If & > 1, then a judicious choice of 77 G (0, 1), h > and a > in the 
proof of Theorem 13.61 allows us to characterise / G t^ in terms t^-atoms supported 
on truncated tents T^{B) over balls B with radius r{B) < b. The constants in the 
norm equivalence ~ then depend on b and, as we may expect, become unbounded 
as b approaches 1. 
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